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Announcement

Properties of the Autocorrelation

¢ Quizl
» Thursday, Feb. 16, during class hour.

+ It will be open book, one page (double sided)
formula sheet,

+ Closed HWK solutions.
» Coverage: Chapters 2 and 3.

+ Definition:
bexlm] = E §ln +m]x"[n]]
» Average power:

¢ [01=E {x[n]\2 }= mean — square
* Symmetry:

¢xx [_m] = ¢;x [m]
» Shape:

Pulml< gol0]  lim gyl =,

if x is real

Prc[=m]= g [m]
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Power Density Spectrum

Linear System with a Random Input

* The DTFT of a random signal does not exist theoretically.
However, the autocorrelation function of the signal does
exist, and the power density spectrum of a random signal
is the DTFT of the autocorrelation function.

/)= 3 poi[mle "

M =—0

bealml=5- [ O/ deo

ExP }=¢,10]= i [ e/ )de

x[n] LTI y[n]
1 I S §
beulm] i) | Pl eiim]
(Dxx(e]w) q)xx(e]w)chh(e]w)

|¢yy[m] = lml*cyy, [m]l

cualml= 3 Hm i8] = H-m 4 ]

D,,(e"”) = @, () Cpy (/)

Cun(e'”) = H(e /) H' (e /) =|H(e 7 )\2

ECE4270 Spring 2017

ECE4270 Spring 2017

Properties of Power Density

White Noise

* Real: . .
D (/) = D(e’?)
* Symmetry:
(/)= D(e /) ifx[n] is real
* Positivity: )
D(e’?)=0
+ Magnitude-squared has same properties:
* i s 2 .
Chh(e]w):‘H(e jw)‘ =C,, () = real

Cnle ) =|H(&®) = Cyy(e?®) i xn] s real

» Consider a zero mean signal whose
autocorrelation function is

Bslm] = o25m]

* The power spectrum of this signal is

|CDxx[m] o7 |ol< 7r|

L 742 20 |Allf '
iave. power = > | oidw = o}, requencies
V3

“r present in the
same amount.
o
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Linear System with a White Noise Input

White Noise into Moving Average

x[n] S LTI y [n] h{m+ k]\ ‘/h[k]
5 ystem [
Bl =20lm) | apyrriony | Byl = e lm] I 11T
q)xx(ejw) = O-)zc q)J/y(elw): O-)zcchh(e]w) m m+3 0 3 k
7 7 cpplm] = h[—m]*h{m]
(@, [m] = o m]* cyy [m] = oy [m] -
z ; ; 2T T
Cpplm]= . X hlm+ k) [k]=hl-m]*h"[m] -3 3 m
= : : By [m] = oL STm]* ey [m] = ey [m]
2 Yy x X
|q))’y(e]w )= @ (/) Cpy (1) = 03 Cpp (€7 )|
; ; o a4 — 7
Cu(@®) = H(e ") H" (77 =|H(e /) gl T )hg
- m
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White Noise into Moving Average 4-Point Moving Average Filter
. Frequency response of filter: Autocorrelation Funclion‘?égl)?vmg Average Filter
H(e®y= L 5 gmion Z SMMA D0/ 2] jomr %2
M+1, Z, (M +1)sin(w / 2) il
» Power spectrum of output when the input is white I { { 1
noise: % 0
lag m
/ 2 / 2 Maghitude-Squared of Moving Average Filter
@, (/)= or|H(e®) o2 gniude-Sque g Average ®
_ Gz(sin[(MJrl)a)/Z])z sl
(M +1sin(w / 2)
5 02 04 m”o_%'— 08
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The z-Transform

Region of Convergence

* The z-Transform of a sequence is defined as
0
X(z)= Y xn)z™"
n=—w

+ Since this is generally an infinite sum, we need to
be concerned about “convergence”; i.e., is the
sum finite? In general convergence will depend
upon z; e.g., 0 <rp <l <rp <oo.

* The inverse z-transform is given by the contour
integral

x[n]= % iX(z)zn_ldz

X(z) = %O: x[n]z™"
XG)=| £ alnk < X Rinll

* The region of convergence is the set of values of
Z 0<rg<lzd<r; <o suchthat

) Z‘in can

T Ifnld™ <oof  |Ctame2
growing

sequence

n=—0o0
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Relation to DTFT

Remember These Formulas

* The DTFT is equal to the z-transform evaluated
on the unit circle:

A tricky manipulation:

Z(ay + alz_l + aoz_z)z apz +ay + aoz_1

o0 .
X(2),epio = X x[nle™" I .
z=e/ n=—00 Unit circle z=¢ = a1 + (10 (Z +Zz )
= X(e]w) ?/— P + Summing a finite exponential sequence:
/‘\&J 1
— N, aN] _aNer
7 DTFT 1 e Y a'=FT— N, 2 N,
xlnl= - | X&) " do nN I-a
gy + Summing an infinite exponential sequence:
© ® 1
Y |x[n] <o = ROC contains |z| =1 Sa'=—— iflal<1
n=—0 n=0 -«
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Examples

Right-Sided Exponential Signal

* Impulse sequence:

x[n]=d[n—ng]
X(iz)= X dn—-nylz "=z

—ng

1 0sns<M-1

* Pulse sequence: =
g ] {0 otherwise

1_ 7M
z z#0
z

M-1
Xz)= Y z "=

-1
n=0 1-

+ Right-sided exponential sequence: x[n]=a"u[n]
o0 o0
X(z)= Y a"z"= Y (az ")

n=0 1 n=0
v if ‘az_l‘ <1
1 - (laZ ) g z-plane
X(Z) = lf‘a‘ < ‘Z‘ e Unit circle
(z-0) ; ) :
— ~ L
ool /<

EcE4270 Spring 2017

ECE4270

Spring 2017

Left-Side Exponential Signal

Two-Sided Exponential Signal

+ Left-sided exponential sequence: x[n]=—a"u[-n—1]

X(z)=— _Zl a'z7 "= %oj a ' =— OZOj (a 'z

x[n]=-b"u[-n—1]+a"u[n]

-1 0
X(z)=— 3 b"z7"+ Y d"z"

ECE4270

n=-—oo n=1 n=l1 Nn=—00 n=0 dm z-plane
® Jm z-plane T T
_ -1 _\n T - ~
- 1 - Z (a Z) Unit circle — 1 + 1 ,// AT~ \\\
n=0 | - —1 —1 ‘s NN
| AT 1-bz " l-az 4 NN
. - 4 b i i i !
=1- e lf‘ L1 { :‘- if|zl<|p|  if |zI>]al —z—x—\ = I
—a Z 1 i 1 e _ 2 ;2
o / 2—(a+b)z™t N\ N | S
1-a 'z-1 1 S = 1 1 L B /// =1
Cl-a'z 1-a! (I—az")(1-bz"") e azz_l
if lal|z|<[b] 3
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Properties of the z-Transform - |

Properties of the z-Transform -

propeRTY 11 The ROC is a ring or disk in the z-plane centered at the origin; i.e.,
0=<rg<|z| <r; < oc.

propERTY 2:  The Fourier transform of x[n| converges absolutely if and only if
the ROC of the z-transform of x[n] includes the unit circle.

prOPERTY 31  The ROC cannot contain any poles.

properTY 4: I x[n]is a finite-duration sequence, i.e.,asequence that is zero except
ina finite interval —oo < N| < n < N> < oo, thenthe ROC is the entire z-plane,

propERTY 50 If x[n] is a right-sided sequence, i.e., a sequence that is zero for
n < N < oo, the ROC extends outward from the outermost (i.e., largest
magnitude) finite pole in X'(z) to (and possibly including) z = oo.

prOPERTY 6 If x[n] is a left-sided sequence, i.e., a sequence that is zero for n >
N, = —o0, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X(z) to (and possibly including) z = 0.

PROPERTY 7: A two-sided sequence is an infinite-duration sequence that is neither

except possibly z =0 or z = oo, e “plane right sided nor left sided. If x[n] is a two-sided sequence, the ROC will consist
P “\\\ of a ring in the z-plane, bounded on the interior and exterior by a pole and,
// e . consistent with property 3, not containing any poles.
4 > "\\ Y prOPERTY 8:  The ROC must be a connected region.
/ \
[ ;]
t T
\ 3 ,' | he
\ ) v !
\ N ’
\\ //
\\‘- /’/
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Transform Pairs Transform Pairs
Sequence Transform ROC Sequence Transform ROC
1. 8[n] 1 Allz 1 - [cosawy|z™!
1 9. [cosmyn]uln] % |z =1
2. ufn] = 2] > 1 —[2coswylz-t + 272
oz . [sin wo]z !
1 10. [sinwon]uln _— zl =1
3 —u[-n-1] : - l2] <1 Lsin o] 1—[2coswplz 14272 e
N . 1 — [rcoswplz !
4. 8[n—m] ™ All zexcept 0 (if m > 0) 11, [r" cos won]ulx] [—““I]<2 lzl > r
or oo (if m < 0) 1—[2rcoseqglz! +r2z2
1 i 1
5. a"u[n) E— 2] = la| 12. [r" sinwon)uln —[r sin o)z ]l =r
1—az! - onluln] 1 —[2rcosemqnlz L +r2z2 &
1
6. —a"ul—n—1] e— 2] = |a| " e N_ 1—aNz-N
T—az ! 13, 4@ O=n=N=1 17ate 7 2l >0
o 0, otherwise 1—az!
7. na"uln) P |z] = la|
(1 —az 1)
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TABLE3.2 SOME z-TRANSFORM PROPERTIES

Property Section
Number  Reference Sequence Transform ROC

x[n] X R

xy[n] Xi(z) Ry

x2[n] Xa(2) Ry

1 34.1 axi[n] + bxa[n] aXi(z) +bXa(2) Contains Ry, N Ry,
2 342 x[n — ] TMX(2) Ry, exeept for the possible
addition or deletion of
the origin or oo
3 343 () X(z/20) 1201y
dX(2) .
4 344 nxfn] = Ru. except for the possible
= addition or deletion of
the origin or 0o
5 3435 x*[n] X" Ry
6 Relx[n]} %[/\'(z) +X7(z7)]  Contains R,
1 .
7 Tmlx[m]} 7—[_[)((;) ~ X*(z")]  Contains Ry
3 346 x*[-n) X*(1/z%) /R,
9 347 [ # x[n] X1(2)X2(2) Contains Ry, N Ry
10 3438 Initial-value theorem:

dnl=0, n<0  lim X(2)=x[0]




