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Overview of Lecture 

• Examples

– Two-sided

• Properties of the Region of Convergence

• Transform Pairs

• Uniqueness

• Partial Fraction Expansion

• Partial Fraction Expansion (PFE) Example

• Repeated Roots in PFE

• z-transform Theorems

• System Function of a DE
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The z-Transform (previous lecture)

• The z-Transform of a sequence is defined as

X(z)  x[n]z
n

n





• The region of convergence is the set of values of 

z such that

x[n] z n

n



  

can 

“tame” a 

growing 

sequence

z n

0  rR  z  rL  
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Two-Sided Exponential Signal

x[n]  b
n
u[n1] a

n
u[n]

X(z)   b
n

n

1

 z
n

 a
n
z
n

n0





if z a


1

1az
1

if z b


1

1bz
1

if a z b


2(ab)z1

(1az
1

)(1bz
1

)
a  

1

3

b 
1

2
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Properties of the z-Transform - I
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Properties of the z-Transform - II
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Transform Pairs
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Transform Pairs
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Partial Fraction Expansion - I

• Consider a general rational z-transform

• We can find a partial fraction expansion in the 

form

X(z) 

bkz
k

k0

M



akz
k

k0

N




b0

a0

(1 ckz
1

)
k1

M



(1 dkz
1

)
k1

N



X(z)  Brz
r

r0

(MN )












only if MN


Ak

1 dkz
1

k1

N


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Partial Fraction Expansion - II

X(z)  Brz
r

r0

(MN )












long division gets us this


Ak

1 dkz
1

k1

N



(1 dmz
1)X(z)  (1 dmz

1) Br z
r

r0

(MN )












                            
(1 dmz

1
)Ak

1 dkz
1

k1

N


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Partial Fraction Expansion - III

(1 dmz
1

)X(z)
zdm

 (1 dmz
1

) Brz
r

r0

(MN )











zdm

                            
(1 dmz

1
)Ak

1 dkz
1

k1

N



zdm

 Am

Ak  (1 dkz
1

)X(z)
zdk

X(z)  Brz
r

r0

(MN )












if MN


Ak

1 dkz
1

k1

N



0

0
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X(z)  Brz
r

r0

(MN )












if MN


Ak

1 dkz
1

k1

N



Partial Fraction Expansion - IV

x[n]  Br[n  r]
r0

(MN )












if MN

            Akdk
nu[n]

k


when dk rR

 Akdk
nu[n 1]

k


when dk rL
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x[n]  Aa

n
u[n] Bb

n
u[n]Ca

n
u[n 1]

x[n]  Aa
n
u[n1] Bb

n
u[n1]Cc

n
u[n1]

X(z) 
A

1 az
1 

B

1 bz
1 

C

1 cz
1

x[n]  Aa
n
u[n] Bb

n
u[n1]Cc

n
u[n 1]

x[n]  Aa
n
u[n] Bb

n
u[n]Cc

n
u[n]
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Long Division

X(z) 
1 3z1  3z2  z3

1 3z
1
 2z

2 
(1 z1)3

(1 z
1

)(1 2z
1

)

z
3
3.0z

2
3.0z

1
1.02z

2
 3z

1
1

0.5z
1

z
3
1.5z

2
 0.5z

1

4.5z
2
 2.50z

1

2.25

4.5z
2
6.75z

1
 2.25

9.25z
1
1.25

X(z) 
(1 z1)3

(1 z
1

)(1 2z
1

)
 2.25  0.5z

1


1.25 9.25z1

(1 z
1

)(1 2z
1

)
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Partial Fraction Expansion

X(z) 
(1 z

1
)
3

(1 z1)(1 2z1)

        2.25  0.5z1 
A1

(1 z1)


A2

(1 2z1)

A2  X(z)(1 2z
1

)
z2


(1 z1)3

(1 z
1

)
z2


(3 / 2)3

1 / 2
 6.75

A1  X(z)(1 z
1

)
z1


(1 z1)3

(1 2z
1

)
z1


8

1
 8

X(z)  2.25 0.5z
1


8

(1 z
1

)


6.75

(1 2z
1

)
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Writing Down x[n]

• If ROC is

• If ROC is

• If ROC is 

X(z)  2.25 0.5z
1


8

(1 z
1

)


6.75

(1 2z
1

)

2  z

x[n]  2.25[n] 0.5[n1]8u[n]6.75(2)
n
u[n]

x[n]  2.25[n] 0.5[n1]8u[n]6.75(2)
n
u[n1]

x[n]  2.25[n] 0.5[n1]8u[n 1] 6.75(2)
n
u[n 1]

z 1

1 z  2
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Partial Fraction Expansion in MATLAB

X(z) 
1 3z1  3z2  z3

1 3z
1
 2z

2

» [r,p,k]=residuez([1,3,3,1],[1,-3,2])

r =

6.75000000000000

-8.00000000000000

p =

2

1

k =

2.25000000000000   0.50000000000000

 2.25  0.5z
1


8

1 z
1 

6.75

1 2z
1
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Repeated Roots in PFE

Suppose H(z) has a pole of order s at z=di and all the other 

poles are first order:

• The coefficients Ak and Br are found as before. Cm is found 

by:







s

m
m

i

m

zd

C

1
1)1(

H(z)  Brz
r

r0

(MN )












only if MN


Ak

1 dkz
1

k1

N



1)]}()1[({
)()!(

1 1
















idw

s

ims

ms

ms

i

m wHwd
dw

d

dms
C

sm ,,1for
(s-m)th order derivative
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z-Transform Theorems

• The delay or shift property:

• The convolution property:

• Example:

x[n n0 ]  z
n0X(z)

y[n]  x[n]h[n]  Y(z)  H(z)X(z)

y[n]  x[n][n n0]  Y(z)  z
n0X(z)
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An IIR System

• Difference equation:

• System function:

• Frequency response:

• Impulse response:

y[n]  ay[n1] x[n]

H(z) 
Y(z)

X(z)


1

1 az
1 

z

z  a
| z || a |

H(e
j

)  H(z) ze j 
1

1 ae
 j

ROC if

causal

Assumes

|a|<1

h[n]  a
n
u[n]

 Y(z)  az
1
Y(z) X(z)
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IIR Frequency Response

Magnitude Phase

z-plane

z  a
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System Function of a DE

ak y[n  k]
k0

N

 bkx[n  k]
k0

M



akY(z)z
k


k0

N

 bkX(z)z
k

k0

M



akz
k

k0

N










Y(z)  bkz

k

k0

M










X(z)

H(z) 
Y(z)

X(z)


bkz
k

k0

M












akz
k

k0

N











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Frequency Response of a DE

ak y[n  k]
k0

N

 bkx[n  k]
k0

M



H(e
j

)  H(z) ze j 

bke
 jk

k0

M












ake
 jk

k0

N












ROC must

Contain the

Unit circle
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LTI Systems

LTI

System

x[n] y[n]

[n] h[n]

e
jn

H(e
j

)e
jn

X(e
j

)H(e
j

)X(e
j

)

X(z) X(z)H(z)

H(z) 
Y(z)

X(z)


bkz
k

k0

M












akz
k

k0

N












H(e
j

)  H(z) ze j


