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The z-Transform (previous lecture)

Two-Sided Exponential Signal

» The z-Transform of a sequence is defined as

x[n]==b"u[-n—1]+a"u[n]

@© -1 ©
-n _ _
X(z)= ¥ xlnlz X2)=— Y bz + Y a"z"
Nn=—00 n=—0 n=0 m z-plane
* The region of convergence is the set of values of — 1 1 ya P RN \\\
z 0<rp <led <r; <o such that l—bz_] l—az_] ],’ 7 NN
ifl<lpl  ifl>lal g R
Z‘_n can \ 7%\\ e/ /5 e
2 <. ¢ — - 2 ;-
S Ixfnld™ <o [fame’a 2~(atb)z"t NN A
= growing = 1 ] b T b=l
== sequence (l—az )(l—bZ ) \\‘\“ | -~ a= 2_1
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Properties of the z-Transform - |

Properties of the z-Transform - Ii

proPERTY 11 The ROC is a ring or disk in the z-plane centered at the origin; i.e.,
O=rp<l|zl <rp =oc.

properTY 20 The Fourier transform of x[r] converges absolutely if and only if
the ROC of the z-transform of x[n] includes the unit circle.

prOPERTY 31 The ROC cannot contain any poles.

prOPERTY 4: 1T x[n]is afinite-duration sequence, i.e.,asequence that is zero except
inafinite interval —oo < N| = n = N, < oo, thenthe FOC is the entire z-plane,

Jm

PROPERTY 5:  If x[n] is a right-sided sequence, i.e., a sequence that is zero for
n < N; < oo, the ROC extends outward from the outermost (i.e.. largest
magnitude) finite pole in X'(z) to (and possibly including) z = oc.

pROPERTY 6:  If x[n] is a left-sided sequence, i.e., a sequence that is zero for n >
N, > —oc, the ROC extends inward from the innermost (smallest magnitude)
nonzero pole in X (z) to (and possibly including) z = 0.

PROPERTY 71 A two-sided sequence is an infinite-duration sequence that is neither

excepl possibly z = 0 or z = oo, “plane right sided nor left sided. If x[n] is a two-sided sequence, the ROC will consist
P of a ring in the z-plane, bounded on the interior and exterior by a pole and,
N . . -
// b consistent with property 3, not containing any poles.
4 Vel h“\\ N propErTY 8:  The ROC must be a connected region.
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Transform Pairs

Transform Pairs

Sequence Transform ROC Sequence Transform ROC
1. 8[n] 1 All z 1 = [cosamp]z!
. 9. [coswopn]uln] %;, Izl > 1
2. ufn] : o> 1 1—[2cosmylzt + 22
1-2z . 1
. [sinep]z
1 10. [sinwgn]uln —_— 2l =1
3. 3 : lzl <1 [sinwonluln] 1= [2coswplz ! 4272 i
h . 1 —[reoswglz!
4. m All z except 0 (if m = 0) 11, [r" cos myn]uls) % lzl =r
or oo (if 1 < D) 1~ [2rcoswglz=! +riz-2
1 i -1
5. a"u[n] Izl = |al 12, [r"sinwpnun % 2l =r
1—;12 ! -l onful] 1 —[2rcoswylz ! +riz72 el
6. —a"u[—n -1 2] < |a “ - N_ —gN—N
[ ] = 2l < lal e osnsNo1 1oats >0
e 0, otherwise 1—az! )
7. na"uln] e —— 2l = lal
(1 —az 1)?
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TABLE 3.2  SOME z-TRANSFORM PROPERTIES

Partial Fraction Expansion - |

Praperty Section
Number Reference Sequence Transform ROC
x[n] X(z) Ry
x1[n] X(z) Ry,
xa[n] X2(2) Ry,
1 341 ax[n] + bxa[n] aXi(z) + bX2(z) Contains Ry, N Ry,
2 342 x[n = ) MX(2) Ry, except for the possible
addition or deletion of
the origin or 0o
3 343 2hx[n] X(z/z0) lz01 Ry
dX(z) N .
4 344 nxfn] - Ry, except for the possible
@ addition or deletion of
the origin or o
s 345 x*[n] X (z%) Ry
1 .
6 Relx[n]) FIX(+ X*(z)]  Contains R,
1 .
7 Fml{x[n]} =—[X(2) = X"(z")]  Contains Ry
=
8 346 *[—n) X*(1/z*%) 1/R,
9 347 xp[1] % xo[n] Xi(2)Xa(2) Contains Ry M Ry,
10 348 Initial-value theorem:
i) =0, n<0  lim X(z)=x[0]
zoncc

» Consider a general rational z-transform

M
>t H(l ez
= 20 k

X(z)=

zakz"c 4o 1‘[(1 diz )
=0

* We can find a partial fraction expansion in the

form
(M_N) Ay
X(z)=| X Bz |+ Z
=0 dkz

-
only if M>N
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Partial Fraction Expansion -

Partial Fraction Expansion - Il

(1-dy,z")X(z) = (1—dmz‘1){(

(M=N) Ay
X(z) = > Bz | + Z
r=0 ko1l —dyz”!

%,—/
long division gets us this

M-N)
> Brz_r}
r=0

N (1-d,z )4,

+2
k=1 l—dkz_1

0 _
(1-dz X =(1/dmz‘1)[(Mz;V)Brz"}

=4

L YaAd, N4,

k=1 1—de_1 "

z=dp,

Ay
} b A
=11— dkz

M-N)
> Bz
r=0
if M>N ;
A =(1-dyz XE)_,

(
X(2) ={

z=d,,
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Partial Fraction Expansion - IV

(M-N) N
X(Z)={ x BrZr:|+ x &_1
r=0 k=11—dyz

if M>N

r=0
if M>N

(M=N)
x[n]=[ Z Bﬁ[ﬂ-f]}

+ Y A diuln]— Y Ay djlu[-n —1]
k k

when |dy|<rp when |dy|>rf

$m  z-plane gm  z-plane

Fx[n] = Aa"u[n] + Bb"u[n]+ C"u[n]

7 kS T
-
/ \ £ Y

‘x[n] =—Aad"u[-n—1]- Bb"u[-n—1]- Cc"u[-n—1]
A B C

It ot -
l—agz~ 1-bz 1-cz

x[n] = Ad"u[n]— Bb"u[-n—1]- Cc"u[—n —1]

- Fa - -~ N,

Py i - g

X(z)=

,
- \\

ECE4270 \x[n] :‘_Aanu[n] + anu[n] - Canu[_;/rl - 1]}
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Long Division Partial Fraction Expansion
-1 -2 -3 -1\3 -1\3
X(z)= 1+3z -1-132 -1-22 _ (171',-2 ) - X(2) :%
1-3z7 +2z 1-z7H)1-2z7) (1-z7H)1-2z7)
-1
0.5z +2.25 —225+057 4 A A
2223741 2343022 43.027' +1.0 PRIN 8)
22 1522 40.5:7! a=xea-H “4EE 8
) 1 =l (1-227), -1
4.5z 5 +2.50z X T 3
4.5z °—-6.75z " +2.25 AZ :X(z)(l_zz—l)‘ — (1 +z 71) _ (3/ 2) =6.75
9257 -1.25 = (-2 ), 12
13 995, _ -8 6.75
X(2) :% = 2.25+0.5271 —% X(z)=2.25+0.5z 1 + -+ —
(1-z7H(1-2z7) (I-z7H(1-2z7) (1-z7) (1-2z)
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Writing Down x[n]

Partial Fraction Expansion in MATLAB

_ 1, 7,2, -3 B
X()=225+05:7 42 s 0T X =T s st B 6T
- IfROC is (d-z7) (d-2z27) T e —z -
<l » [r,p,k]=residuez([1,3,3,1],[1,-3,2])
x[n] =2.258[n]+0.58[n— 11— 8u[n]+6.75(2)" u[n] r=
- IfFROC s 6.75000000000000
l<ld<2 -8.00000000000000
x[n]=2.258[n]+0.56[n—1]-8u[n]—6.75(2)" u[-n—1] P _2
- IfROC s 1
Izl <1 k=
x[n] = 2.258[n] + 0.5 — 1]+ 8u[—n — 1]~ 6.75(2) u[ —n — 1] 2.25000000000000 0.50000000000000
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Repeated Roots in PFE

z-Transform Theorems

Suppose H(z) has a pole of order s at z=d; and all the other
poles are first order:

(M-N) N A s C
H(z)=| Y Bz |+ k4 g
r=0 " k:ll—de ! mZ;(l_diz 1)m
only if M>N
+ The coefficients A, and B, are found as before. C,, is found
by:
s—m
_ 1 { d
" (s—m)l(=d,)* ™ “dwe "

[A-dw) HW},

for M=L..5 (s-m)th order derivative
or m=1...,

* The delay or shift property:

‘x[n—no] = z_"OX(zﬂ

* The convolution property:

vnl=x[n]*hln] < Y(z)=H(z)X(z)

+ Example:

yinl=x[n]*ln-n)] < Y(z)=z"X(2)
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IIR Frequency Response

An IIR System
+ Difference equation: Magnitude Phase
ynlEan—1]+x[n] < Y(z)=az Y(z)+ X(z) _ :{:
E I PSRN
+ System function: E*:— % ! \ .
Y(z 1 ROC if < E-051 N
H(Z)Z (): = |Z|>‘(1| 7 & all 0 | i L ﬂ-_”} L L
X(Z) l—az z—a caus - :‘_Er 0 %_r T - 1; 0 ?{ T
* Frequency response: Radian frequency (w) :
i 1
H?Y= H(Z)._ jo = i Assumes
( ) ( )‘Z—ejw 1 _ ae—ja) ‘a‘<1 z—plane
* Impulseresponse:
h[n] = a"u[n]
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System Function of a DE Frequency Response of a DE
N M N M
Sapin—kl= Shx{n—k] Sagln— k1= Sbx{n— k]
k=0 k=0 k=0 k=0
N % _ M —k
Y aY(2)z " =Y bX(z)z
k=0 k=0 S
S be
N P M k - r=0 k ROC must
[ Z akz_ jY(Z) = ( Z ka_ \)X(Z) H(eJ ) = H(Z)‘Zzeja) = NN Contain the
k=0 k=0 ( D ake—jcokj Unit circle
Mo k=0
Y (Z bz k)
H(Z) = (Z) = k=0
X(2) ( N k)
apz
k=0
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LTI Systems

| n]
hln]

X nl LTI
oln] System
ej.a)n
X('?)
X(2)
£
z
o= Y@ o
X(z2) (ga Z—kj
o ¥

X(eja’ )H(eja’)
X(2)H(2)

HE”)= HE),_jo
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