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Fundamentals of DSP

Lecture 11

Sampling and Reconstruction
from Samples
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Georgia Institute of Technology

Overview of Lecture

» Chapter 4--Sampling
— Bandlimited signals
— Ideal Continuous-to-Discrete conversion (sampling)
— Derivation of frequency-domain formula
— Interpretation of frequency-domain formula
e Oversampling
* Aliasing distortion
* Band Limited Reconstruction

ECE4270 Spring 2017

Sampling (C-to-D Conversion)

Derivation of Basic FT Formula - |

x.(2) C-to-D x[n] = x.(nT)
X.(jQ) Converter X&) X(eiQT )
» Discrete-time Fourier transform: ’

. 0 .
X(?)= ¥ x[nle™ ™"
=—00

* Frequency-domain relationn:
9 0 A 1 o0 .
XM= ¥ anle M =2 T X ((Q-kQ))
T =

n=—0o0

+ Sampling frequency:

» Normalized frequency: =0

—_— ——————— e ey

()= 3 S(t—nT)

|

|

| n=—ow |

" . . |

} Conversion from | |

impulse train |

X (1) } x,(1) to discrete-time : x[n) =x,(nT)

|

|

! |

sequence

r____C-to-DConverter__ __|

() =%(0): 3 St-nT) = 3 x.(08—nT)

n=—00 n=—00

X, (1) = OZO) x,(nT)o(t—nT) = OZO‘, x[n]o(t—nT)

n=—0 n=—00
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Derivation of Basic FT Formula - 1|

Derivation of Basic FT Formula - Ill

2y (1) = %, (0)5(6) = x,(t) 3. (¢ —nT)

n=—00

s= 3 St-nD e Sy = 3 ZEs@-k)

n=—00 k =—00

X,(/0) = 5= X.(/Q) *S(Q)

XG0 =1 X0 ¥ 5@k

k=—c0

x(Q)=7 £ x@-+%)

(D= %() £ St—nT)= 5 x{nld(t—nT)

n=—00 n=—0

XG= T e

n=—0

X,(Q)= 3 xlnle @0 = x(e/)

n=—ao

jor,_1 & 27
X(e )_Tk:z_wxc(g k)
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Oversampling

Undersampling (Aliasing Distortion)

“Typical” X (=0, [QA=2Qy « If ©2,< 20, the copies of X (j£2) overlap, and we
bandlimited signal 4 have aliasing distortion.
-0y 0 Q Q X (=0, 1Q=>Qy
N N “Typical” 4 ¢
oOT 1 ® bandlimited signal
X =— ¥ X.((Q-kQ))  Q,=24/T
T - -Qy 0 Qy Q
Fourier transform X7 Fourier lt" f’”sf orm X(ejQT )
of samples wrl X GIT X .(j(Q-Q)NT of samples
_ZQS 7Qs ‘ Q.v 20 » Q
Q2
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Sampling Theorem

Reconstruction from Samples (1)

x. (1) C-to-D x[n]=x.(nT)
X.(jQ) Converter X, X(e»’QT )
» Frequency-domain representation

o0 -
3 x[n]eijTn
n=-o

()= - 7.2 X(@-k0)

» Sampling theorem justification:
If X,(jQ)=0, |Q[>Qy and Q/2=7/T>Qy,
» Therefore we should be able to recover x(t)!

or, 1 .
then X(/) = X.(jQ). |Q[<7/T=0Qy2

Ideal reconstruction system

_F————— e e e ———

Ideal
reconstruction
filter
H, ()

I

| f _

: Sampling
L

period T

Convert from
—— sequence to
impulse train | x, (1)

x(0) = x, () * b (6) = S X[n1S(t —nT)* by (1)

n=—0n

x,(t)= S x{nlh,(t—nT)

n=—0
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Reconstruction from Samples (I1)

Bandlimited Reconstruction (I)

x[n]=x,(nT) D-to-C _xl(t)
X/, x(@) | Comerter [ (j)

x,(t)= S x{nlh,(t—nT)

» Frequency-domain representation
. 2 —jQTn .
X,(9)= 3 xnle™ " H,(j0))

n

=( s x[n]e*fQT”)Hrusz) = X(e/*T)H,(j©)

n=—0

:[1 > X.((Q- Zﬂk/T)))H(/Q)

k——oo

X

.........

A\g/f\

LX) = H, (JQ)X(efQT)

Fourier transform
of samples

Reconstructed
bandlimited signal

Oy 0 Qy )

< If Q,2>2Q) |, the copies of X(j¢2) do not overlap, so
X(192) = H,(2) X(e")=X_(j£2), and we get perfect
reconstruction.
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Bandlimited Reconstruction (Il): Reconstruction Filter Bandlimited Reconstruction (lll): (Time-Domain)

o=t (0= 3 <D (-nD)= 3 x(ur) ]
h.(nT)=0,n=%1,%2,..] n=—c . =
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