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Overview of Lecture

» Sampling (overview of last lecture)
+ Band Limited Reconstruction (overview of last lecture)
» Zero-order hold reconstruction (D-to-A converter)
* Linear interpolation
» Comparison of Interpolation Filters
» DT filtering of CT signals
— Derivation of general formula
— lllustration

— Examples
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Sampling (C-to-D Conversion)

Oversampling

X.(j)=0, |Q=Q
xc(t) C-to-D x[n] = xc(nT) “Typical” 4 C‘(-] ) ‘ ‘ N
X.(jQ) Converter X( efw) X( T ) bandlimited signal
 Discrete-time Fourier transform: ’
. e . -Qy 0 Qp Q
X(?)= ¥ x[nle™ ™"
n=-% jQr 1 & .
« Frequency-domain relation: X )= T 2 X.((Q- k) Q, =27/T|
jory_ 2 —jom _1 & : ke

X(e™= ¥ xlne = }k_z X (j(Q-kQy)) Fourier transform X

= = of samples X .Goyr /X UQ=-QIVT

AT X GE) ¢ s
+ Sampling frequency:
+ Normalized frequency: w=0Q 20, -9 ‘ Q, 20, Q
Q2
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Undersampling (Aliasing Distortion)

Reconstruction from Samples (1)

« If 2,< 20, the copies of X (j£2) overlap, and we
have aliasing distortion.

X.(jQ) =0, [Q>Qy
“Typical” A
bandlimited signal

Ideal reconstruction system

_F————— e e e ———

Ideal
reconstruction
filter
H, ()

I

| f _

: Sampling
L

Convert from
—— sequence to
impulse train | x, (1)

Qy 0 Qy Q
Fourier transform QT period T !
of samples X L ey
()= x () *h(t) = 3 X[ —nT)* by (1)
n=—w
o0
Xy (t) = zx[n]hr(t - ”T)
n=—o0
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Reconstruction from Samples (I1)

Bandlimited Reconstruction (I)

x[n]=x,(nT) D-to-C _xl(t)
X(e), X () [ Converter | x, (jo)

x,(t)= S x{nlh,(t—nT)

» Frequency-domain representation
. 2 —jQTn .
X,(9)= 3 xnle™ " H,(j0))

n

=( s x[n]e*fQT”)HrUQ) = X(e/*T)H,(j©)

n=—0

:(1 > X.((Q- Zﬂk/T)))H(/Q)

k——oo

X

.........

A\g/f\

LX) = H, (JQ)X(efQT)

Fourier transform
of samples

Reconstructed
bandlimited signal

Oy 0 Qy )

< If Q,2>2Q) |, the copies of X(j¢2) do not overlap, so
X(192) = H,(2) X(e")=X_(j£2), and we get perfect
reconstruction.
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Bandlimited Reconstruction (Il): Reconstruction Filter

Bandlimited Reconstruction (lll): (Time-Domain)

(=1

h.(nT)=0,n=%1%2,...

2 _ 3 sin[eEs D]
x,.(f) = nEw x(nT)h,(t —nT) —nzwx(”T ) Ty T

T H.G0) | < i;

" o >z

T

n/T 0 n/ T Q
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Signal Reconstruction D-to-A Conversion
xnl=x.(nT) | pioc x(0) i1l [Tpioa | Xpa(®
Converter - CoDn\t/((;r'tAe ) | aka zero-order hold

x,(6)= Sx[nh,(t—nT)

{1, —TR<t<TR

0
f) = t{nlho(t—nT), where hy(t)=
xpg(t)= 2 Xnlho(t—nT), where hy(t) 0,  otherwise

n=—oo
2sin(Q7/2) 1

n=-—o0
Nt JOT
+ Types of interpolation pulses: Xpa ()= X(™) Q
— Square pulse -- holds sample value (D/A in practice) Hy (jQ)
. . . ) ) =72 T2
— Triangular pulse -- linear interpolation r dealinterpolating
— Sinc pulse -- ideal bandlimited interpolation Zetorander [
\Hy(FO) -
sin(7t/T \/ \/
hr (t):(—) 27 T 0 b4 2w n
zt/T T 7 7
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Illustration of D-to-A Conversion

Linear Interpolation

Sumplmg and Zero-Order Reconstruction: f, =83 f 800

N AN M A
- Wy W

e B g 1, —T2<t<TR2
xDA()—n= x[n]hy(t—nT), where 0()— 0. otherwise

1

T A AT
L 1 T

=0.01 —0.005 () 0. {)US X ()l 0. 0] 5 0. ()2
Time (sec)

()= lh O+l () = 1-/T1  |4<T/2
! T 0 0MI= 0 otherwise
1
T T !

Hy () = i(Sin(QT / 2)j(3in(QT / 2)) _ T(sin(QT/Z))Z

T\ (Q/2) Q/2) QT /2)
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Linear Interpolation (I)

Ideal Interpolation (II)

Sampling and First-Order Reconstruction: fy = 83 f, = 800

—T<t<T

. T,
x,(t)= Z *[nlh(t—nT), where hl(t):{ 0 othervmse

N M NS
-\ W

—0.01 —-0.005 0 0.005 0.01 0.015 0.02
Time (sec)

Sampling and Second-Order Reconstruction: fj = 83 f, = 800

x, () = iw X[n]h.(t —nT), where A (t)_sml(/r/t/T)
N AN AN A
< N W W

0.01 0.005 0 0.005 0.01 0.015 0.02
Time (sec)
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Comparison of Interpolation Filters Idealized System (DSP Theory)
Frequency Responses of Interpolation Filters
, , , . r . (1) x[n] . y[n] Ye(t)
Tl / \ A-to-D DSP Chip D-toA
* A-to-D conversion --> C-to-D conversion
S > -~ s /’\\ \ 27 // * Finite precision arithmetic --> real numbers
e 1 f o] 1 5 2 * D-to-A conversion --> D-to-C conversion
afi2m)
: 2 X(t) x[n] . y[n] ye(t)
QT /2 < _to- _to- c
Ho(jQ) = Tsm( ) () = T(sm(QT/Z)) C-to-D Algorithm D-to-C
(QT/2) (QT/2)
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Summary DT Filtering of CT Signals

A bandlimited signal with highest frequency Qy

can be reconstructed exactly from samples taken

with sampling frequency 7
220

+ If an analog signal is not bandlimited, it must be
lowpass filtered before sampling in order to avoid
distortion by aliasing.

+ Filtering specifications can be relaxed by
oversampling.

t t
SCRNPSPYE- 8 TR BN P

X.(Q) X(e/ ¥(e/°T) Y,(Q)

X )= 3 e =] 3 X (@ k)

YTy = H(e/ ) x(/2T)

Y,(jO) = H,(jQ) Y

5G9 = HruQ)H(efQT)%k 3 XU@-42)
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DT Filtering of CT Signals

D-T Linear Filtering of C-T Signals (I)

X.(j)
%0 ) ctopkXM LTI yInl {0 oo b2 ,
System
X.(jQ) X(e/ 1 Y™ Y,(jQ) o o a
(a)
1 2 27k
. QT 1 e . LX) = xE) = — Z X ( (Q_yi))
nG@=HE i) £ x.@-ia) NN
=—00
« If the input is bandlimited such that ;T wEoF "
(b) —
X.(jQ) =0 forlQ>Qy w=0r S
and 27/ T >2Qy, then the overall input and /% e Y(e/”)= H(e!”) X(!)
output are related by /f ‘ * /f ‘ 1
: T S L
%0 = HE X Q) T,
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D-T Linear Filtering of C-T Signals (II)

DT Filtering of CT Signals (ll1)

3" Y(e/”) = H(e/”) X(e/”)

ATNOENA

2n Coe o, o w

Y LU = H.(GY ()

1 Y 1,60 i .
A (--?I S h: H,(jO)H( T )X (T
|
| I |

[2)

r T

K\ Hep(GQ) = H(®) 1Ql<z/T

[¥)
Note: The effective cutoff frequency
depends on the sampling rate!

Xc(t) Ideal | x[n] LTI y[n] | Ideal [ Y.
C-to-D System D-to-C
X.(j©) X(e (™) Y,(jQ)

TUD=HUDHE )L T X(@-19,)

+ If the input is bandlimited such that
X.(jQ)=0 for|Q>Qy

and 27/ T >2Q, then the overall input and
output are related by

Y,(jQ) = HEe™ X, (jQ) = Hyp (G)X, ()
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Another Example

Example
Hel) H,(jO)/ T
1
] [ T1] [
27 /T ~, w, 7/T 2w
Her(jQ) = HE®) 10]<7
Hg(j)
1
@e . Q
T T

« Difference equation:
yln]=ay[n—1]+ bx[n]
 Frequency response:

H(e/?) = b

l1—ae”
» Overall frequency response

jo

b

, QT
H(jQ) = H(e"™ )= a0 7T

Q<2
T
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