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Overview of Lecture

+ Use of z-transform in analysis of LTI systems
» Poles and zeros and frequency response
* Minimum-phase and allpass systems
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Frequency Response Functions

Rational System Functions

H(e') =|H(e! el 411
* Log-magnitude (in dB)
20logo|H(e'”)
* Phase (in radians)
ZH(/?) = arg[H(ejw):

* Group delay (in samples)

(@)= grd[H(ef”’)]= —% {4H(ef“’ )}

« Consider a general difference equation of the form
N M
X aqyln—kl= X bx[n—k]
k=0 k=0

« Rational system function of a causal and stable LTI

system
Causal =
Mo M 1 lz| > max ||
2 bz b [MA-¢z) k
HE@ =5 = - bk =
> az 0MT(-dyz ) max|d| < 1
k=0 k=1 k
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Pole-Zero Plot

Example (1)

Im z-plane

H(z)=(1-re/%27h)

» System function:

I
TN jo ! L
| z—re H(z)= - - =
—————— T @ (1 —re/9271X1 —reifngl) 1-2rcos@: ' +r%272
H(el?Y = e/? —rel? » Difference equation:
jo (e™)= ol 5
e y[n]=2rcos@[n—11-r"y[n—2]+ x[n]
e ] + Impulse response: i 1
VI =V +V3 3 4! 120 1— /20
o .o H(z)= U el O Y (= e 10T
‘e —ref‘ M“‘ (rez)(re z]
i == n
Jo
‘ ‘ | Hn] = r 31n[9(n +1)] u[n]
sind
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Example (II) Example (lll): Magnitude
Im z-plane
Unit cir{i T o 72 20
//’ \‘\\ H(Z) = - -
/ SN (z —re!?Yz—re/ 9]

Radian frequency (w)
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Example (IV): Phase and Group Delay

Group delay (D: Input Signal

2 2
Radian frequency (w)
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Group delay (I): Frequency Response of Filter

Group delay (III): Output Signal

Group Delay Input Signal x[n]
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Example of an IIR Filter (1)

Example (ll): Frequency Response

9 <-plane 4 -planc
Unit circle " c-plane Unit circle " z-plane
What can you say
% about the impulse X
response of this
o System? % Fie
o~ Re 20
X 0
X 20+
D -
H) 0.05634(1+z ")(1-1.0166z"" +z72)
zZ)= — _ — 100 —~
(1-0.683z"1)(1-1.4461z"" +0.7957272) - x
Radian frequency (w)
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Example (lll): Frequency Response

Allpass Systems (1)

dB
£

a - o

s
g

Radian frequency (w)

* An allpass system has frequency response
‘H e’ )‘ = A= constant V@
* The general allpass system has system function

Aliflr 2t —d, Me (z ' —ep)z! —-e;)
k=11— a’kz_1 k=1(1— ekz_1 )(1- e}:z_l)

Hy,(z)=4

» For every pole inside the unit circle there is a
zero at the conjugate reciprocal location.
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Allpass Systems (ll): Example

Allpass Systems (lll) Phase and Group Delay

FSm

Unit

z-plane
circle plane

(z*‘ n 0.75Xz*1 70.5Xz4 —0.8¢~7 4Xz*1 —0.8¢/7 4)
Hap(2) = (+0.752T Y- 0.5 (- 0.8/ =T Y1 —0.8¢ 772!

Note that “unwrapped
phase” would always

LN be negative for an allpass
system.

Note that group delay
B would always be positive
for an allpass system.

grd [, (/) |20

mples

Sa

0 T w A
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Minimum-Phase Systems

Minimum-Phase/Allpass Representation

* A minimum-phase system is a causal LTI system
whose poles and zeros are inside the unit circle.

L a—" M -1
> bz b [TA-cz)  Jel<1
0 k=1

* Any LTI system can be represented as a cascade
of a minimum-phase system with an allpass

system.
[A@) = Hyin @) Hyp (2)

H(z)= k}:vo = £ . Suppose H(2) h*as a single zero outside the unit
Szt O (1-dpz) circle at z=1/¢". Then N
« The invek:é filter for H(;()_\llvcl)vlljld be causal and H(z)=H, (z)(z_1 —c*] =H (z)(l ez }7%1 c_zflj
le. -1 -
e Hi(z) = 1 :%k%[l(l_dkz ) Hnlin(Z)ZHl(Z)(l_CZ_1]
H(z) by ma- ckz_l) * Repeat for all the zeros outside the unit circle.
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More Properties

Example

|H(2) = Hyyin (2)Hyp (2) = a family of systems |
kmd”\Lmaww o(& ) = | Hiin (/)

* Minimum phase |
—arg [H(e’ @ )]: —arg|H . (e/® )]— arg|H,, (e’? ).
arg [Hap (ej @ )]S 0 = phase lag increased by allpass

* Minimum group delay
ard[H(e) |- grd[Huin (") | grd[Hop ()
grd [Hap(ej @ )]2 0= grd increased by allpass

Hy(2)=(1 .25)“
x (1 0. sef 87,1 Xl

D Q— 0.9&-6”2“‘X1’1'/ e
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Minimum-Phase/Allpass Representation

« Compensation of non-minimum phase systems

I
Distorling Compensating| |
—J—.- ‘i}"\‘lfll] 1 ‘i}“lfl]] |
N e D ) soln]

\

Hy(2) = Hamin (2) Hap(2)

Hc(Z)Zm = G(2) = Hyp(2)
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