ECE4270 CGSIP

Fundamentals of DSP

Lecture 17
Properties of LTI Systems (ll)

School of ECE
Center for Signal and Information Processing

k Georgia Institute of Technology /

Overview of Lecture

* Minimum-phase and allpass systems
* Linear phase systems
* Generalized linear phase systems
—Type |
—Type Il
—Type Il
—Type IV
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Allpass Systems (1)

Minimum-Phase Systems

* An allpass system has frequency response

‘H (e’ )‘ = A= constant V@
* The general allpass system has system function

M, g Mooz —ef T =)
Hyp(z)= ATl * i L
k=11—dyz" k=1(1— ez Y1—ez7)

» For every pole inside the unit circle there is a
zero at the conjugate reciprocal location.

* A minimum-phase system is a causal LTI system
whose poles and zeros are inside the unit circle.

L a—" M -1
> bz b [TA-cz)  Jel<1
0 k=1

H(z)=%20 =0k
Z akz_k ao H (1 _ de—l) ‘dk‘ <1
k=0 k=1
* The inverse filter for H(z) would be causal and
M
stable. 1 (1—dkz_1)

1 dg =1
H.(z)= __%
i(2) H(z) b ljy[ (- ckz—l)
k=1
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Minimum-Phase/Allpass Representation

More Properties

* Any LTI system can be represented as a cascade
of a minimum-phase system with an allpass

system.
A @) = Hyin OHp )

* Suppose H(2) has a single zero outside the unit
circle at z=1/¢". Then

—1 *)
H(z)= M) - ) = ()1 - ez h

Hyin ()= Hy(2)(1—cz™")
» Repeat for all the zeros outside the unit circle.

[H(2) = H i, (2)Hap (2) = a family of systems |
(H(e) = L min (ef“’ Y Hp (/) = | Hiin ()

* Minimum phase lag
- arg[H(e’w )]: —arg|H . (' )]— arg|H,, A ):
arg [Hap (ej @ )]S 0 = phase lag increased by allpass
* Minimum group delay
grd[H(e) [¢ grd[Huin (") | grd[Hop ()
grd [Hap(e/ @ )]2 0= grd increased by allpass
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Example Minimum-Phase/Allpass Representation
b " o ‘\}/U_i\\ « Compensation of non-minimum phase systems
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Ideal Lowpass with Delay Ideal Lowpass with Linear Phase
+ Frequency response: 0.6 ( )
, sin.4z(n—>5
, —joa W[n)="—""—"
e o< o n
H(?) = @l o ol (n—->5)
0 o, <|lo| <7 ‘ K
+ Magnitude and phase: E / \
g 021 \
i /
H(ejw)z{l ‘a)‘<a)c LH(e]w):—a)a E: ’T \\ T
7
0 o <lol<z ISw e \\LJ” ‘\Ll/" o
 Impulse response:
sinw,.(n—«a _ | | |
h[n]:L) —0<Nn <0 23 0 5 10 15
72'(” - a) Sample number (n)
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Ideal Lowpass with Linear Phase Ideal Lowpass with Linear Phase
0.6 - 0.6 5
h[n] sin.4z(n—4.5 h[n] = sin.4x(n—4.3)
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Impulse Response-I

Pole and Zero Locations-Il

Impulse Response: hfnj=-8[n]+.886[n-1]+2.045[n-2]+.885[n-3]-5[n-4]
3

h[1]=h[4-1]

b

|| ]

— h[0]=h[4-0]—~{

0 2 4

Delay=2
h[2]=h[4-2]

H(z)=—1+.88z""'+2.04z72 +.88z 7 —z7*

4 3 2
-z 4+ .8827 +2.04z° +.88z—1
H(z)= 4

z

H(z Y =—z*+.882° +2.04z% + 88z 1
H(z"Y=z*H(z)

H(zg)=0 < H(zg")=0
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Pole-Zero Plot-IlI

Frequency Response-IV

05+

Imaginary part
=)

z-plane Plot: H(z)=-1+88z"1+2.04z°%+.88z°3-z4

H(e/®) = —1+.88¢ 7 +2.04¢ /2
+.88¢7 /@3 _ mio4
H(e/w) _ (—elwz +.88¢’? + %04 B zje_ja’z
+.88¢7 /% —e7/?

(2.04+.88(e/” +e7/?))

—(e/¥? 4+ e7/?2) ¢
H(ejw) =[2.04+1.76cos @ —2 cos(za))]e—jm
HE) = 4e)e ™, 4,”) = A7)

—jo2

H(e'?) =
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Amplitude and Angle Plot-V

Magnitude and Phase Plot-VI

Real Amplitude Function

Magnitude Function
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Generalized Linear Phase FIR Systems

Generalized Linear Phase FIR Systems

« Types 1 &Il: WM —n]=h[n] 0<n<M
H(eja)):Ae(ejw)e—ja)M/Z’ Ae(eja)):Ae(e—ja))
H(z" " =2"H(z)

« Types I &IV: WM —n]=-hn] 0<n<<M
H(e?) = jA, (/) 7M. 4,(e/”) = ~4,(e7)
H(zY=-MH(z)
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Zero Locations for FIR Linear Phase
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