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Overview of Lecture

» Chapter 6
—Signal flow graphs and block diagrams

* IR systems
— Direct forms
— Cascade form
— Parallel form

* FIR systems Implementations

* Two’s-complement arithmetic
— Integers and fractions
— Scaling for fixed-point arithmetic
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Digital Filters

Direct Form | Implementation

» General Nth-order difference equation:

N M
y[n]l= Zayn—kl+ Xbx[n—k]
k=1 k=0

+ System function:

Mok M 1
Z ka l_[ (1 — CkZ )
H(z)=—+=% =A%
1-Yaqz%  [Ta-dz7
k=1 k=1

* There is a direct correspondence between the difference
equation and the system function when the numerator
and denominator are written as polynomials in z.

M
S bk ( 1 3 .
H(z)=-+ - Y bzt
- Y aqz* [1-Saqz =0
k=1 k=1 Zeros
| —

r@=Ho)Xz ™

M
Vin]l= X byx[n—k] (zeros)
k=0

yIn]= ka apy{n—k]+v[n] (poles)
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Signal Flow Graph IIR Direct Form |

Direct Form Il Implementation

M N M ( \
n]= kzlbkx[n —k] y[n]= kzl apy[n—k]+v(n] D ka—k y
O—— - % V) N O—»—0 k:O _k 1
x[n] yln] H(Z) = = Z ka
N N
7! fa 1 _ z —k k:o 1 _ z —k
[n-1] by ay [-1] akz [ — akz
x[n —_ —————<———Oyn k=1 Z€10S k=1
7! o1 N Y
72 a 1
x[n-2] 4’>; o y[n-2] |Y(Z) = H(Z)X(Z)| poles
b, a N
ala N+ 1 N wln]= X2 ayw[n—k]+ x[n] (poles)
i = k=1
e e (= 3 bwln—k] (zeros)
(zeros) (poles) yinj= et win ZCros
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IIR Direct Form Il

Cascade Form

N M
wln]= Zj awln—k]+x[n]  y[n]= kZ_:lbkw[n —k]

» Express H(z) in terms of poles and zeros

- wn] by M -k
o ) Z ka H (1 - CkZ )
x[n] - vln] _ k=0 _ k=1
@ +~ by H(Z) - N —k =4 1
1 I- > az [1A-diz )
z - k=1 =1
% & b Requires « Group poles and zeros as second-order factors
I i I | fewer delays
i i i (less memory)
! ay_q J\ by_y ‘ H( ) ljzibok _‘_blkz_l +b2kz_2
Z)=
‘ +z" [ k=1 1- alkz_l + CIZkZ_Z
ay by
(poles) (zeros)
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IIR Cascade Form Parallel Form
wilel wlnl walal  olal wiln] 3l . i ' i
) ¢ by } " b " by :{ ) Make a partial fraction ex]?[?nsmnB of H(z)
xln] - B -.] yla] L —k %
ay %f’u ap }Z by ag }Q bis H(Z) = z CkZ + Z -1
-~ - A k=0 k=11—cyz
tf’zu a 4bzz a3 ~f323 N *
2 A A
k k
Nobog +byz + bz +Z( =+ *_j
H(z) = [] 20 2UE 2202 isi\l—dz ' 1-djz!
yoln] = x[nl. k=l 1=ayz™ +ayz .
» Group terms in second order factors
wiln] = auewi[n — 1] + ayewr[n — 2] + yea[n],  k=1,2,... Ny, N N, -1
p —k s eor te1iz
yk[n :b“kwk[n]+b1kwk[n—1]+b2kwk[n—2], k=1,2,..., Ny, H(Z): Z CkZ + Z I 5
ylnl = yx[n]. k=0 k=1l—apz  —ayz
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lIR Parallel Form Transposed Forms
Cy Np
H(z)= Y Gz * wln] p,
Il ey niln] \ £=0
=) [ \ \
L e A N -1
\\\\ " Z €0k -i-lelkZ -
\\ k:11—a1kz —asz
] [n] \\\
x[n] { // [nl
///
//
/
Il e wilnl /
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Transposed Form Difference Equations

Transposed IIR

by Volnl by .
xfn) ] "l b * b
Z_l bl ’ a
b,y +Z71 ay
7! voln] = bgx[n]+v|[n—1] i T |
b | ) | | |
val] y[l’l] =% [}’l] ! by 4 i ay - |
viln] = byxn]+ vy [n — 1]+ ayv n] *
by ) ay
valn] = byx[n]+ ayvoln] (zeros) (poles)
IUsed in MATLAB's filter( ) function I
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Finding a System Function (1) Solve for the System Function (Il)
1 wy[n] ws[n] -1 -1
o a(z” -1 z (-«
o= Do me=-""Pxe
l1-az 1-az
o -1 _
b Y(2)= Wy (2) + Wy (2) = [ : f‘l]X(z)
l-az
wsln] z7' wyln) z -«
wi[n] = wy[n] - x[n] < Wi (2) = Wy(z) - X(2) = HE =1
wy[n]=aw[n] < W, (z) = aW(z) . -a
ws[n] = wy[n]+ x[n] < W4(z) = Wzl(z) +X(2) x[n] - o
waln]=ws[n—11 Wy(z) =z W5(2) @
yInl=wy[n]+wyln] = Y(z) = W5 (2)+ Wy(2) [ Equivalent Direct Form 1|
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FIR Systems

FIR Linear Phase Systems

* FIR system functions have only zeros
Mo x_ Y —k
H(z)= X bz " = X hlk]z
k=0 k=0

* In this case, direct form | is just convolution.
-1 -=1 =1
=2 5 s 5 O 5

1[0] (1] (2]

¥l
y[n]=(((A[O0)x[n]+ A[1x[n —1]) + A2]x[n =2]) +...)

I Multiply-accumulate (MAC) I

ECE4270

] -1

M even
|

A[Mi2—1] Yh[M2]

[
[

M
ynl= X HKln=K] KM =] = Hin]

y[n] = h[0)(x[n]+ x[ M])
+H[1(x[n— 1]+ x[M—1]) +...
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FIR Transposed Direct Form

Two’s Complement Numbers

* FIR direct form

-1 1
I“%Illlllli‘*‘lllllll
) -1

hM-1] ‘nw_z] Tnm

[l

y[n]
a[1 h[o]

0
-1 1 0.000
0000 -0.125 0.125
1111 o0r | B+1=4 Ta1y 0000 o
50 .

1010 0110

0111

-6
. 1001
Sign 1000

1001 0 01
- -8 = 0875 0.875
bit [B+1=16]
105y | b, b ] g b | o]0 b b dpselosg
x[n] < \
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Fixed-Point Scaling - |

Fixed-Point Scaling - Il

+ 16-bit two’'s complement integers range in size
from -32768,, to +32767,,.

* Q notation is a convenient way for a programmer
to keep track of the binary point when
representing fractional numbers by integers.
Consider a fractional number a such that—-1<a <1,
then we can represent a by a Q15 integer 4 such
that —32768 < 4 <32767. The relationship between a

and Al simply s 0, 110000000000000
a=Ax2" or A=ax2 15 bits
| Q15 means 15 bits to the right of the binary point.
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- Consider a fractional number a such that—1<a <1,
then we can represent a by a Q15 integer 4 such
that —32768 < 4 <32767.The relationship between a
and 4 is

a=Ax21
* For example
a=0.75 < A=24576;,Ql5

or A=ax2P

Fixed-Point Scaling - IlI

Fixed-Point Scaling - IV

» Consider a mixed number a such that -4<a <4
Then we can represent a by a Q13 integer A
such that —32768 < 4<32767. The relationship
between a and A is

a=A><2_13 or A:a><213

* The smallest number that can be represented by
a Q15 number is
range 2 1
216 215

number of possibilities
* In general, the smallest number representable as

* For example a QB number will be 1
a=35 < A=28672;,Ql3 A=1B
01 1/\1000000000000 * That s, in a QB number, the least significant bit
13 bits (LSB) has value 1
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