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Review of the DTFT The Discrete Fourier Transform (DFT)
. o ‘ 0 . N-1
Definition:  y(p/oy) - nzg[n]e M =X jo X[k)= 20 x[pE k=01...N-1
1=
s . .
+ Inverse transform: x[n]:i [ X(e’”)e!"dw 1 N1 —kn
27, x[n]:ﬁ > X[k n=0]1..N-1
k=0
o indicity: i(W0+27))— 0]
Periodicity: ~ X(e&/( N=X(e/?) . e = AN
+ Convolution theorems: where Wy =¢ :
) ) ) « Exact representation of finite-length or periodic
Nnl=x[n]*h[n] < Y(e/?)=X(e/?)-H(e/”) sequences (x[n+N]=x[n]).
» X[k] and x[n] can be computed efficiently by the
Mnl=wn]-xn] < Y(e/?)= L w(eo)Xx(e/?) FFT. (Gauss knew about it, Cooley and Tukey
27 rediscovered it at just the right time.)
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A Simple (but important) Example

The DFT as a Sampled DTFT

» Let P[k]=1, for k=0,1,2,...,N-1. Then 22/ NynN
N-1 (27 n
1 : 1 1-¢/
N k=0

N 1—ej(2” Nyn
1 n=0,£N,£2N.,... § s N

= = +
pln] 0 otherwise o0 L+rN]

* DFTs (and inverse DFTs) are inherently periodic
with period N.

N-1 .
pln+ N1 = %IEO A ANk

* The DTFT of an N-point sequence is

4 N-1 .
X(?)= Y x[n]e” "
n=0
Sample the DTFT at @, = 272/N)k,k=0,1,...,N—1.
The result is identical to the DFT

. N-1 .
X(e]a))‘ — gox[n]e*](ZIZ'/N)kn :X[k]

=2 7k/ N
 If we compute the inverse DFT, we obtain

1 N-1 . . ©
f[n]:f Z X(ej(27[/N)k) e](27r/N)kn _ Z x[n+rN]
n=0

r = -0
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Proof of DFT Sampling Theorem

DFT Sampling Theorem

» Consider a signal with DTFT
X(ejw) = X x[n]eijw"
. Sample it to get a DFT

n=—oo
« Compute inverse DFT
LG & {27/ NYkm _j(2 7/ N)k
Xnl=—%2 X x[m]e_J( z )me.l( 7/ N)kn
N (=0 m=—w
~ ® 1 N-1 [(27) NYk(n—m) )
Xnl= X x[m]NZ e/ = X x[n+rN]
m=—w k=0 oo

 If we sample the DTFT of x[n] at N equally
spaced frequencies, the corresponding periodic
sequence (through the inverse DFT) is the time-

domain aliased sequence
o0

X[n]= X x[n—rN]
y=—00
* Then if x[n]=0 for n<0 and for n>N-1, the copies
of x[n] do not overlap so we can write

X[n] = x[((n)) ;] = x[n modulo N]
* Therefore: {)Nc[n] n=0.1,..N-1
x[n] =

0  otherwise
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Sampling the z-Transform Example of Sampling the DTFT
Im * Input sequence: 1 0<n<4
. e/(Zﬂ/N)kn , . z-plane xnl= {0 otherwise
cicle o * DTFT s
\ X/ = % oo _ l—ej. _ 31.11(560/2)6,]-&,2
n=0 1-¢/? sin(w/2)

k=0,12,....N-1
Re
\\ﬂj « Sampled DTFT is the DFT
XAy _ 5 ANV _

n=0

X[k] = Nz‘l x[nle=/ @7/ Wk
n=0
in(5Q27/N)k/2) _;
= X(z),_ ja/Nin, k=0,1,2,...,N-1 _ We JQAINK2
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Sampled DTDF is DFT il x[n]=0 n<0 andn> M|
LX (e) LR [K)1 " f ) 7 =4
/( T\ﬂ\m’h/m\mmm/W\ | R
UL
6 i SR S S
e i Tk] = X(/ O O)
. X[k]= X(e/C7TVF),
k=0,1,..,N-1
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x[n]=0

n<0 andn> M|

Time-Domain Aliasing

. M=4 . [l
" _ () [
| Fn] = () ] Al ”
TN T T s
IXIN — k] = | X[k] ~
B N O S R A
{ l R l k=0,1,..,N—1 - L 1 L .
) ) 10 P . T _— i ey
|4X[N—k]=—ZX[k]| X[N—k]=Xk[k], X(ef(zﬁ/lz)k) [nl= & xln-r12]
02m " k = 0919"'9N_1 ‘ ‘ ‘
-1 nl l I Im k 1]] IIT 1]] ]IT XII l
02w -12 ] 8 L L
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Basic Properties of the DFT DFT Theorems and Properties
« If the DFT is evaluated outside of 0<n<N—1, it repeats inite-Leneth Sequence (Len oin en
periodically as x[n]zx[((n))N]. Finite-Length Sed (Leneth V) Npoint DITT (Length 1)
1 N-1 1 N-1 L x[n] X[k]
Z[n+Nl=— X Xk N = — 5 XKWy = 3{n] 2. xinl xaln] Xu[K], X[k
N k=0 Ni=o 3. axi[n] + bxy[n] aX[k]+bX;[k]
« Circular shift
4. X[n] Nx[((=k))N]
xln=xl(n-m)y] = X[kl = WXk S o=y WA XA
> 6. Wl\jmx[n] X[((k=0)n]
 Circular convolution N1

N-1
yn]= §0x[M]h[((n —m))y]

< Y[k]= X[k]H[k]

7Y amxnl(n-m)s]

m=0

8. x[nlxln]

X1 [k] X2[K]

N-1

33 XXl - 0w
=0

ECE4270

Spring 2017

ECE4270

Spring 2017 |




Circular Shift - |

Circular Shift - I

{ | b #n]=fn+2= 3 xn+2+rN]
%n { ] I I I%w n } r:—}w % [n]=%[n +2]
Hm“lm“}[m s
| | & c
Sl T SR (e
’ " ' i B L et
Hn= 3 afn+rN]= ()] Hh“ ‘

Circular Convolution - |

Circular Flipping and Shifting

o X3 [m]
| I X5 [k]
0 N m

xi[m]

0 m

Xo[k] = XK1 k] = e T Nk x 1]

N-1
x3[n] = %0 Slm = 1] [((n = m)) y 1= %2 [((n = D) ¥ ]

0 N m

x3[n] = x,[n] ) x,[n]
x3[n]=x;[((n—1)x]

9 N n
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Aliased Convolution - Il

“Linear Convolution”

v3[n)

Xyp[n] = x[n] @ x5[n],
N=L +P-1

xy[n]
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Analysis for Linear Convolution

nlr= % xlmlnln-mle %)= X @)X )

m=—00

X3(ej(27r/N)k) _ )(1(ej(Zﬂ/N)k)Xz(ej(27r/N)k)

= X[kl = X [k]X;[K]

1 N-1 .
sl =7 I X (k)X [kle/ 7 Mk

To avoid
N-I overlap, pick
x3p[n]= 20 xy[m]x,[((n—m)) ] N> L+P-2
m=
o0
x3p[n]= 2 x3[n-rN] n=0,1..,N-1
F=—o0
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