
1

ECE4270
Fundamentals of DSP

Lecture 26

The Discrete Fourier Transform (DFT)
and FFT

School of ECE

Center for Signal and Information Processing

Georgia Institute of Technology

ECE4270 Spring 2017

Overview of Lecture 
• Circular Convolution via DFT

• Linear Convolution via DFT

• Block Convolution

-Overlap add (OLA)

-Overlap save (OLS)

• DCT (Discrete-Cosine Transform)– Moved to last lecture

• The FFT (Chapter 9)

– Decimation in time
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DFT Theorems and Properties
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Circular Convolution - I

X2[k]

X1[k]  e
 j(2 /N)k

X3[k] X1[k]X2[k]  e
 j(2 /N)k

X2[k]

x3[n]  [m 1]x2[((n m))N ]
m0

N1

  x2[((n 1))N ]
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Circular Flipping and Shifting

x3[n]  x2[((n1))N ]
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“Linear Convolution”

nn3 nn3 nn3
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Analysis for Linear Convolution

x3[n]  x1[m]x2[n m]
m



  X3(e
j

)  X1(e
j

)X2 (e
j

)

X3(e
j(2 /N)k

)  X1(e
j(2 /N)k

)X2(e
j(2 /N)k

)

 X3[k]  X1[k]X2[k]

x3p[n] 
1

N
X1[k]X2[k]e

j(2 /N)kn

k0

N1



x3p[n]  x1[m]x2[((n  m))N ]
m0

N1



x3p[n]  x3[n  rN]
r



 n  0,1,...,N 1

To avoid 

overlap, pick

N > L+P-2
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Aliased Convolution - I
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Aliased Convolution - II
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Aliased Convolution - III

ECE4270 Spring 2017

Block Convolution - Overlap Add Method (OLA)

x[n]  xr[n  rL]
r0



  y[n]  x[n]h[n]  yr[n  rL]
r0





yr[n] xr[n]h[n]xr[n]
x[n  rL], 0  n  L -1

0,            otherwise






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OLA: Segmenting the Input

xr[n]
x[n  rL], 0  n  L -1

0,            otherwise   





x[n]  xr[n  rL]
r0





nnP1
m

x1[m]

nnP1

h[nm]
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OLA: Putting the Output Pieces Together

yr[n] xr[n]h[n]y[n]  yr[n  rL]
r0





L

2L
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OLS Method - Segmenting the Input

nnP1
nnP1

L-point circular convolution
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OLS Method - Extracting the Output
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Computation of the DFT

• In order for the DFT to be useful for linear filtering, 
spectrum analysis, etc., we need efficient computation 
algorithms for

• Using the above directly requires N complex 
multiplications and N-1 complex additions for each of the 
N DFT values                           complex multiplications. 

For example,

X[k] x[n]W
N
kn

n0

N1
 k0,1, ,N1

 (N)N2

N1024  (N)106
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Cooley and Tukey, 1965

J. W. Cooley and J. W. Tukey, Mathematics of 

Computation, Vol. 19, pp. 297-301, 1965.
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Jim Cooley at Arden House, 1968
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Decimation-in-Time Derivation - I

• We want to compute X[k] efficiently.  Divide x[n]
into even- and odd-indexed

• Substituting n=2r and n=2r+1 into above gives 
(assume N is even)
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Decimation-in-Time Derivation - II

• Using the fact

it follows that

In other words, G[k] and H[k] are N/2-point DFTs.

 (N)N2(N /2)
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Decimation in Time (First Stage)
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Decimation in Time (Second Stage)
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Decimation in Time (Third Stage)

Normal orderBit-reversed order



x[3]WN
32




