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Abstract—In this paper, we consider bacterial point-to-point
and multiple-access molecular communications with ligand-
receptors. For point-to-point communication, we investigate com-
mon signaling methods, namely, the level scenario, in which the
information is encoded into multiple concentration levels of a
single molecule type, and the type scenario, in which the infor-
mation bits are encoded in multiple molecule types each with a
single concentration level. We investigate the tradeoffs in the two
scenarios in terms of the capacity. We derive an upper bound
on the capacity using a Binomial channel model and the sym-
metrized Kullback-Leibler divergence. A lower bound is also
derived when the environmental noise is negligible. We also con-
sider the blocking effect of a receptor by a different molecule
type. Finally, we study multiple-access communications, for which
we investigate three scenarios based on molecule and receptor
types: 1) same molecule types with different labeling and the
same receptor types; 2) different molecule types with different
receptor types; and 3) the same molecule types with the same
receptor types. We investigate the tradeoffs in the three scenarios
in terms of the total capacity. We derive inner bounds on the
capacity region of these scenarios when the environmental noise is
negligible.

Index Terms—Multiple-access molecular communication, bino-
mial channel capacity, receptor Markov modeling.

I. INTRODUCTION

OLECULAR communication (MC) has stimulated a

great deal of interest because of its potentially broad
applications. It is a bio-inspired method that enables commu-
nication in nano-micro scale environments. An MC system
relies on molecules to transport the information and is com-
prised of transmission process, channel, and reception process.
The transmitter may encode information into the concentra-
tion, type, or releasing time of the molecules. For instance
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in [1] and [2], modulation techniques based on using mul-
tiple molecule types are presented. In [3], an on-off keying
modulation is proposed where molecules are released only
when the information bit is one. For an MC channel, dif-
ferent mechanisms are introduced, among which diffusion
process is the most favorable, as it does not require any
prior infrastructure. Different models have been proposed for
diffusion-based molecular communication channels. While in
this medium, each individual molecule propagates randomly
and independently via Brownian motion, for the high num-
ber of the released molecules, a deterministic model can be
used by neglecting the diffusion noise. As such, the channel
input-output is described by a differential equation according
the Fick’s law of diffusion. In fact, the deterministic model
reflects the average behavior of the channel. There are two
reception models for an MC receiver. The first model is a per-
fect absorber where the receiver absorbs the hitting molecule.
The second, which is more realistic, is the ligand-receptor
binding receiver, where the hitting molecule is absorbed by
the receptor with some binding probability [4], [5].

To understand the fundamental limits of MC, one has to
investigate the maximum achievable rate, i.e., the capacity,
of these systems. One of the first papers to address the need
for an information theoretic analysis of MC systems is [6].
In [7]-[9], the authors study the achievable information rates
in MC for a timing channel. In [3], [4], and [10]-[14], the
authors consider transmission strategies (binary or quaternary)
for diffusion-based MC and analyze the achievable informa-
tion rates. For an on-off keying modulation, it is shown in [3]
that if there is no interference from the previous transmission
slots and no environmental noise,! the channel can be modeled
by a Z-channel and the capacity can be computed accord-
ingly. Intersymbol Interference (ISI) is considered in some of
the works on the MC capacity [12], [15], [16]. In [12], by
modeling the IST with a two states Markov chain, an achiev-
able rate is computed. In [15], the capacity of diffusion-based
MC is studied under a deterministic channel model taking into
account the ISI. In [16], the upper and lower bounds under a
Poisson channel model for an MC system with memory are
computed. The above papers focus on the MC channel, while
the MC capacity analysis should also include the reception

'Environmental noise is caused by the existence of the same molecule types
from other sources in the environment. These sources are explained in [25].
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process. Ligand-receptors are modeled by a Markov chain
in [4], by a discrete-time Markov model in [10], and by a
Binomial Channel (BIC) for a bacterial colony in [17]. The
randomness in the ligand-receptor binding process is mod-
eled in [18]. In this paper, we study a ligand-receptor that is
modeled by a BIC and provide a capacity analysis of bacte-
ria based point-to-point and multiple-access MC systems [17].
We consider a deterministic model for the diffusion channel.

The BIC is defined by P(y|x) = (g)xy(l — x)977 where
the input is x € [0, 1], the output is y € {0,1,..., ¢} and
q is a given natural number which shows the number of tri-
als. Moreover, average and peak constraints on the input x
may exist. The works on the BIC capacity mostly exploit one
of the following approaches. The first approach is to approxi-
mate the BIC with a Gaussian channel with an input-dependent
noise [17], [19]. The capacity of a Gaussian channel with an
input-dependent noise is computed numerically in [17], and
upper and lower bounds on its capacity are derived in [19]. The
second approach is to study the BIC capacity without approxi-
mation. It is shown in [20] from the dual viewpoint of universal
encoding of a discrete memoryless Bernoulli source and for
large values of ¢ that asymptotic minimax redundancy for uni-
versal encoding behaves like % log % +log . However, there
is no explicit formula for BIC capacity and even no explicit
upper or lower bounds on the BIC capacity when ¢ is not
large enough. An algorithm to compute the BIC capacity has
been presented in [21], using convex optimization methods.
Since the ligand-receptor process is modeled as a BIC, to
consider the channel ISI effect in a ligand-receptor based MC
system, one has to deal with the capacity of BIC with memory.
The capacity achieving distributions for BIC with memory are
studied in [22]. Unfortunately, the BIC capacity even without
memory is still an open problem and, to the best of our knowl-
edge, there is no work on the information theoretic analysis
of a BIC with memory. To gain some insight on the problem,
we consider a more tractable model and study the capacity of
ligand-receptor process based on a BIC without memory. That
is, we assume a diffusion based MC without ISI. As shown
in [16], the capacity of channels without memory provides an
upper bound on the capacity of channels with memory, which
makes our upper bound result an upper performance limit for
the case with ISI. In addition, some ISI mitigation techniques
have been proposed [23]-[25], which may be used in practice
to reduce the ISI in channel. Particularly, in [25], the use of
enzymes for reducing the chemicals that remain in the chan-
nel from previous transmissions is proposed. Though the ISI
cannot be entirely canceled in a practical scenario, its remain-
ing effect can be negligible. This supports our memoryless
(ISI-free) assumption.

The bacteria based point-to point communication system is
first introduced in [17], and its extension to multiple-access
communication have been studied in [26]—[28] for a diffusion
channel and ligand-receptors, where the transmitters use binary
on-off keying modulations employing the same molecule type
but with different labeling.” In these papers, the capacity of

2Mainly three kinds of labeling processes are used, which are radio,
enzymatic, and fluorescent labeling [29].

the multiple-access channel (MAC) is simply computed as the
sum of the capacity of the channels between each transmitter
and the receiver. In [26], the expected concentration of trapped
molecules is computed. By approximating the number of deliv-
ered molecules as a normally distributed random variable, the
maximum detection probability is calculated which the capac-
ity is then computed. In [27], the channel randomness effect
has been modeled by adding an additive Gaussian noise to
the concentration of trapped molecules. Then, by using the
Gaussian approximation, the capacity of each user channel is
derived. In [28], the capacity of each user channel is computed
by representing the diffusion channel as a binary test channel.
In all these works, the average interference from the other
transmitters is taken into account in calculating the binding
probability. Unlike the previous works, here we examine the
instantaneous effect of the multiple-access interference instead
of its average value.

We first concentrate on a point-to-point memoryless molec-
ular communication and evaluate its capacity and then pro-
pose new upper and lower bounds. Next, we consider three
multiple-access scenarios and evaluate the capacity region and
inner bounds for each scenario. Our main contributions are as
follows.

Point-to-Point Communication: We investigate the trade-
offs between two point-to-point bacterial communication sce-
narios via ligand-receptors with a fixed total number of
molecules and receptors: (a) multi-type molecular communi-
cation with a single concentration level, and (b) single-type
molecular communication with multiple concentration levels.
At first glance, scenario (a) introduces new degrees of free-
dom and should reduce the ISI. However, since the number
of molecules per type (the power per type) reduces when the
number of types increases, we must asses the benefits of using
different molecule types. To make a fair comparison between
scenario (a) and (b), we adopt the model of [17] in this work.
In addition, a Markov model for the interference between dif-
ferent molecule types near the receptor is presented and the
capacity for this model is computed numerically.

Upper and Lower Bounds for the memoryless BIC
Capacity: Using the Kullback-Leibler (KL) divergence bound
in [16], we derive an upper bound on the capacity of the point-
to-point memoryless BIC model under given average and peak
constraints on the channel input (Theorem 1). Based on the
numerical evidence, we believe that this upper bound works
well in the low SNR regime. This upper bound results an
upper performance limit for the case with ISI. A lower bound
is derived on the point-to-point BIC capacity under average
and peak constraints in the case of no environmental noise in
Lemma 1.

Multiple-Access Communication: We investigate the
trade-offs among three multiple-access bacterial communica-
tion scenarios for ligand-receptors with a fixed total number
of receptors:

(a) Using the same molecule type with different labeling for
different transmitters and a single receptor type at the receiver
(DLSR).

(b) Using different molecule types for different transmitters
and different receptor types at the receiver (DMDR).
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(c) Using the same molecule type for the transmitters and
a single receptor type at the receiver (SMSR).

Scenarios (a) and (c), both have a single type receptor and
introduce a new degree of freedom. However, the benefit of
using different types of molecules in scenario (b) should be
examined. Scenario (a) has also the advantage that the trans-
mitters use a self-identifying label and therefore seems to have
better performance than scenarios (b) and (c). To compare
the three scenarios, we compute their total capacities numeri-
cally. By assuming two transmitters in Section V-A, we derive
some inner bounds on the capacity region of the three sce-
narios under average and peak constraints in the case of no
environmental noise.

All logarithms are in base e in this paper. We also assume
that the environment is unbounded. Throughout the paper,
H(p) = —plogp — (1 — p)log(l — p) and g(p) = 2.
This paper is organized as follows: in Section II, we present
the system model for point-to-point communication scenarios,
whose capacities are discussed in Section III. The interaction
of molecules near the receptors is modeled in Section II-A.
In Section III-A, a new upper bound on the capacity of
the BIC is presented by considering peak and average con-
straints. Section III-B includes a lower bound on the capacity
of the BIC by extending the Z-channel. In Section IV, three
scenarios for multiple-access communications are presented,
where their capacity regions and total capacities are discussed
in Section V. The achievable rates for these scenarios are
provided in Section V-A. Section VI includes the numer-
ical results, and finally concluding remarks are given in
Section VIIL

II. POINT-TO-POINT SYSTEM MODEL

In this section, we describe two bacterial point-to-point
communication scenarios with ligand-receptors.

Level Scenario (LS): Here, the transmitter encodes infor-
mation at multiple concentration levels to create the code-
words. At the transmitter and the receiver, there is only one
colony with n bacteria where each bacteria has N receptors;
i.e., nN receptors in total. All these n bacteria at the transmitter
produce the same molecule type.

Type Scenario (TS): This scenario uses multiple molecule
types at the transmitter and the receiver. We assume the same
total number of n bacteria (as in LS) are available which are
equally divided into m colonies at both the transmitter and
receiver. As such, each colony has n/m bacteria. Moreover,
each colony at the transmitter produces a different type of
Acyl Homoserine Lactones (AHL) molecules. Furthermore,
the colonies are synchronized at the transmitter. Similar to the
LS scenario, each bacteria has N receptors. Therefore, there
are nN/m receptors in total per each colony, i.e., per each
molecule type. Each colony can detect its own molecule type,
and as a result, produces different color Fluorescent Proteins
(e.g., GFP, YFP, ...) which are used by the receiver to decode
the received signal. In addition, we assume that all receptors
of a colony are independent and sense a common molecule
concentration.

Given the complexity of the capacity problem for the BIC
with memory, we assume an ISI-free communication in both
scenarios. That is, we assume that the symbol duration is
appropriate and there is an enzyme in the environment, which
substantially reduces those molecules that do not bind to the
receptors in the current time slot, and hence their interference
with the molecules released in next time slots is negligible.
This supports our memoryless assumption. We further assume
that no attenuation occurs in the channel. Therefore, the
received concentration A; is equal to the transmitted concentra-
tion Ag. At the receiver with ligand-receptors, the probability
of binding, at the steady state is given by [17],

As
As +

Po = ; (1

where y is the input gain and « is the dissociation rate
of trapped molecules in the cell receptors. Similar to the
other works, e.g., [11], for simplicity we assume that at
the beginning of each slot, all receptors are unbound. Some
measurement data for the probability of binding, i.e., (1),
is provided in [30]. If we consider an environmental noise
with concentration A,e, due to the molecules of the same

type from other sources, the probability of binding becomes
A+A
Pb = FFApetE

In LS, we yonly have one molecule type and its binding
probability is equal to

LS
pLS — X + AHC (2)
XA+
where X is the received concentration at the receiver and ALS
is the concentration of the environmental noise. We can view
the LS scenario as a BIC as follows:

PSS =yX =x)

- ( N ) o (Al (1= fu (x+488))

fpp 1 [0,00] = [0, 1], y € {0, 1,...,nN}. 3)

The function f, (.) is the binding probability function.

From (2), we have f, (X + Ape) = ﬁ. As such, the

function f,, (.) is an increasing and concave function.

In TS, we have different molecule types. Here, we assume
that the binding processes of different molecule types are inde-
pendent and every molecule only binds to its own receptor
type. We investigate a more general model in Section II-A by
taking into account the interaction of different molecule types
in TS. The probability of binding for the i-th molecule type
is given by

TS
TS _ Xi + Ane,i 4
Pyv,i = o ATS | &’ “4)
Xi +Ane,i + Vi

where X; is the received concentration of the i-th molecule

type and Agesi is the concentration of the environmental noise

for the i-th molecule type. For the sake of simplicity in the
capacity analysis, we assume A1S. = AIS and the same
parameters y and « for all types of molecules and receptors.
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Fig. 1. Two Markov models for receptor type B.

This scenario can be viewed as m orthogonal BICs
as follows:

PIS(Y; = yilX; = x)

nN TS TS o —y;
= () (o)™

[0,00] — [0, 1],y € {0, 1, ..., %}.
)

i=1,...,mfp :

A. Blocking of Receptors

In the TS scenario, we assume orthogonal parallel chan-
nels for different molecule types with no interference between
them (i.e., no blocking of a receptor by molecules of another
type). However, when there are different molecule types, they
may interfere and collide with each other. In other words, one
molecule type may block another molecule type from binding
to its receptor counterpart. For example, consider m = 2 with
two molecule types, A and B, and their corresponding recep-
tors as R4 and Rp, respectively. The molecule type A, close to
Rp, may prevent the molecule type B from binding to Rp (by
just binding to Rp without activating it or by colliding with
molecule type B). The blocking action is similar to antago-
nist function at biology [31]. Assume that X4 and Xp are the
received concentrations of types A and B. The main reaction
kinetics, for binding of the molecule type B to its receptor, is
modeled as [5]

YB
Xp + Rp = XRp, (6)
B

where yp > 0 is the association rate of the molecule type B

with receptors of type B and xp > 0 is the dissociation rate

of XRp complex. Now, we characterize the blocking for the

receptor type B, similar to the reaction kinetics formulas, by
Blos.kA

XA+ Rp RN Ry

Blouk A

Block,A XA +RB R

Block,A

)

> ( is the blocking rate of Rg by molecule type
Block,A

where yBlock A

A and KEIOCkA is the unblocking rate of Ry . If we do not

take the blocking into account, then we have a reaction kinetics
for each receptor type with its molecule type. As in [5], we
define a Markov model for the no blocking case based on (6),

as shown in Fig. 1a for m = 2. Likewise, according to (7), we
propose a Markov model for the blocking case, as shown in
Fig. 1b. We consider three states. The full state is when the
receptor binds to its own type, the empty state is when the
receptor is free, and the block state is when the receptor is
blocked with a different molecule type. Solving the chain for
the no blocking case, the steady state behavior of the system-
reaction formula is obtained as (1). Solving the chain for the
blocking case, we have the following probabilities of binding
and blocking for the receptor type B:

Pb = PFull =

Block A “BloaaXat1
K

B
B
KBlock,A Xa
pBlOCk - B]OCkA . (8)

VB VB
—Xp+  Block.A “Bloka XAt 1

KB B
If we increase the concentration for one molecule type, the
probability of binding for another type decreases as expected.
This model can be extended for m > 2 via,

J/lX
Ki
Pb,i = PFull,i = J/Block J ’
X J’_Z] 1,j#i Blocij +1
Block,j
m i .
2 et i Py Xj
PBlock,i = Block.j ’ ©

Vi
X +ZJ 1j#i Blocijf—‘rl

where pp ; and ppilock,; are the blndlng probability of the i-th
type of receptor to the molecules of its own type and the block-
ing probability of the i-th type of receptor by the molecules
of the other types, respectively. The blocking and unblocking
rates for the i-th type of receptor by the molecules of the jth
type are defined by yB ok and KBIOC , respectively. It is also
possible to consider the env1ronmental noise for the binding
and blocking probabilities. Hence, the probability of binding
for the i-th molecule type is given by

Vi TS
TSB Kle ne 0
Pvi = )/Blockj ’ (10)
TS
zne+z =1,j#i BlocijJ ne 1

l

where XlTse =X; "‘AE ;~ We can view the TS scenario with

blocking as a multi-input multi-output BIC as follows:

PB(Y; = yilXi =x1, ..o X = Xn)
nN
— (;)ggy(xl,...,xm,AEeS,)
N
x (1 —fpb,,.(xl,...,xm,AEgl))m i1, m,
(11)
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where fy, (X1, ..., Xm. ATS) = pp” is the probability of

binding when the blocking is considered.

III. POINT-TO-POINT CAPACITY ANALYSIS

We investigate the capacity for the two scenarios. In both
scenarios, the output is discrete. Further, we take the envi-
ronmental noise into account and assume average and peak
constraints for the input concentration.

In LS, we have a single colony with input X and output Y.
The peak and average constraints for the input concentration
are 0 < X < Ay and E[X] < oA, respectively, where 0 <
ag < 1. Then, we obtain the capacity for LS as

max I(X;Y), Ye{0,1,...,nN}.
P(x) :

0=<X<As, E[X]<asAs

CLs = (12)

In TS, we use X; to denote the input of the i-th colony to
the channel and Y; to denote the output of the i-th colony at
the receiver. The peak and average constraints for the input
concentration of the i-th colony are 0 < X; < % and E[X;] <
as%, respectively, where 0 < o < 1. Hence, the capacity can

be written as

Crs = max IXy, oo, X Yi, o0, Vi),
P(x1,x0,....%m) :
0=<Xi=2 | E[X;]<ass
nN
Y;e10,1,..., —1. (13)
m

If we do not consider the blocking, the capacity could be
obtained as follows:
1(Xi; Vi),

Cts = m X max

P(x) :
0=Xi=2 | E[Xj]<ass

nN
Yi e {0,1,...,—}.
m

(14)

For a fair comparison, we consider ALS = ATS = A .. Since
we have a BIC in LS and m parallel BICs in TS with no
blocking, we consider a BIC for the two scenarios as follows:

P(Y =y|X=x)
N\ 1_y
N (y) 5, (8 Ane) (1 = fp, (x +Ane))N %,

foo 2 [0,00] = [0,1], y € {0,1,....,N'}.  (15)

Since P(y|x) is a Binomial distribution, we have } ., yP(y[x) =
N'f,, (x). The peak and average constraints for the input of the
BIC are 0 < X < A} and E[X] < asA;, respectively, where
0 < a5 < 1. Note that for LS and TS we have the following
parameters:

o LS: N =nN and A, = As.

« TS with no blocking: N' = ¥ and A/ = 4

m T m

A. Capacity Upper Bound

There is no closed form for the BIC capacity. As such, for
the first time, we propose an upper bound on the capacity
of the BIC at the low SNR regime by considering average
and peak constraints using the symmetrized KL divergence,
referred as KL upper bound in [16]. We first explain the KL

upper bound, U(P(y|x)), briefly. Let Dsym(pllq) = D(pllq) +
D(qllp). Then,

UP(ylx) = I;}(?B(Dsym(P(x’ WIPX)P(y))

> r;)l(a;d(X; Y) = C(P(yI)). (16)

The KL upper bound is always an upper bound on the capacity.
It is straightforward to show that Dsym(P(x, y)[|P(x)P(y)) =
Ep(x,y) log P(Y|X) — Ep(x)p(y) log P(Y|X). Now, we state our
upper bound in the following theorem. The proof of this
theorem can be found in Appendix A.

Theorem 1: Consider a point-to-point BIC as in (15) and
any input probability mass function (p.m.f) P(x). Then, the
symmetrized KL divergence upper bound has the following
explicit formula:

1(X:Y) < UP(x,y))
Jpo (X + Ane)
= N’Cov(f (X + Ape), log(b— V)
" " 1 — fi, X + Ane)
where Cov(X, Y) = E[XY] — E[X]E[Y]. Furthermore, impos-
ing the average intensity constraint oA, and peak constraint
A}, we get

Uginomial(P(y|x)) = Ir’r(lasx UP(x,y))
X) :
0<X<A!, E[X]=csA.

Jio (@55 + Ane)

X FxXE if (%),
= N/ fpb (A/S +Ane)
AL+ A
M x E lf (**),
(18)
Ty (AL+Ane) (1—fp, (Ane))
where E = log (fﬁi(Ane)(l—fpb(A?lAne)))’ F = [py (A5 + Ane) —
A;+Ane
(@Al + Anl, () ¢ () < In @) ang
(%) © fi (@t6AL + Ane) > 24540 Hence,
C= ;’?SX- I(X: Y) < Usinomial(P(y|x)). (19)
0<X<A!, E[X]=a:A]

We compute this KL upper bound numerically in
Section VI. Based on the numerical evidence, this upper bound
works well for all Binomial channels (such as MC channels)
with low capacity.

B. Capacity Lower Bound

We obtain a lower bound on the capacity of the BIC when
the environmental noise is negligible. We assume a binary
input, while in the previous section, a continuous input was
assumed. Under this assumption, the resulted capacity is a
lower bound on the capacity of the BIC. We compute a closed
form formula for the lower bound in the following lemma.

Lemma 1: Consider a point-to-point BIC as in (15) and any
input p.m.f P(x), in which Ape =0, x € {O,A;}, and E[X] <
asAL, where 0 < oy < 1. The capacity of this channel is

obtained as
1

G(pe),

o =

—Pc 10gl7c ’
1—po+ 1—pc
— 0 Pete 1 (20)
Ji(as,pe), 0 <o < ——— 9555
1—pete I—pc
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Fig. 2. Three schemes of multiple-access in molecular communication systems.

- 1 ®) (YW

where G(p) = H(ym) — 1o&ms Pe (@) ,

and fj(a,p) = —a(l — p)loga + aplogp — (1 — « +
ap)log (1 — o + ap).

Proof: The proof is provided in Appendix B. [ ]

If we consider N’ = 1, then the channel would reduce to a
Z-channel.

IV. MULTIPLE-ACCESS SYSTEM MODEL

We describe three bacterial multiple-access communication
scenarios with ligand-receptors based on molecule and recep-
tor types various. DLSR Scenario: As shown in Fig. 2a, the
transmitters send the same molecule type (AHL) with differ-
ent labeling and the receiver employs one type of bacteria
(receptor). At the receiver, there is only one colony with n bac-
teria where each bacteria has N receptors; i.e., nN receptors in
total.

DMDR Scenario: As shown in Fig. 2b, each transmitter
uses a different type of bacteria and so a different molecule
type (AHL) and the receiver employs different types of bacte-
ria (receptors). At the receiver, there are m different colonies
with n/m bacteria where each bacteria type has N receptors;
i.e., nN/m receptors in total for the i-th molecule type.

SMSR Scenario: As shown in Fig. 2c, the transmitters send
the same molecule type (AHL) and the receiver employs one
type of bacteria (receptor). At the receiver, there is only one
colony with n bacteria, where each bacteria has N receptors;
i.e., nN receptors in total.

In all scenarios, we assume that there is no ISI and no
attenuation in the channel. Further, we assume that X; is the
received concentration from the i-th transmitter.

In the DLSR scenario, since different labeling are
used [26]-[28], it is possible to distinguish between the
molecules emitted from different transmitters. For exam-
ple, consider m = 2 with two different labelings of a
molecule, denoted by L; and Lj. Assume that XU and X2
are the received concentrations of the labelings L; and Lo,
respectively. The main reaction kinetics, for binding of
the molecules with different labelings to the receptors, are
modeled as

L Y, ypL L Y, vpL
X'+R$XR1,X2+R$XR2, 2n
where we consider the same association and dissociation rates
for the two different labelings. Similar to the blocking case, we
propose a Markov model for the labeling scenario, as shown

o "r.XLI _ ’\XL.')

K Q K

~ ‘\'Ll 5 ‘\VLQ

Fig. 3. Markov model for labeling.

in Fig. 3 for m = 2. The steady state behaviour of the system-
reaction formula is obtained as

X
o kb= ————¢
XL +XL2 + — xLi +XL2 + —
14 14
where pp 1 and py 2 are the probabilities of being full by L; and
L, for each receptor, respectively. This model can be extended
for m > 2 via,

Xt

Pb,1 = (22)

Xl

ST -
j=1 y

Pv,i =

where pp; is the binding probability of the receptors to the
molecules with the i-th label type. It is also possible to
consider the environmental noise for the binding probabilities:

.1 ADLSR
DLSR __ Xi +Ane,i 24
(Y- Fp— (24)
2 X+ AT + —
Y
where APLSR s the concentration of the environmental noise

for the molecules with the i-th label type. For simplicity, we
assume AECI’“I-SR = ADLSR Tet the output ¥; be the number
of receptors bound to the molecules with the i-th label type.
The outputs, (y1,...,¥nm), along with the unbound state have

multinomial distribution with parameters pr%SR, e, pEI;fR,

m DLSR.
1 - Zi:lpb,i :

DLSR
pPLS O1s o e s YmlX1s o ooy Xim)

—1
B nN nN — Z:":l Yi DLSR ! DLSR )"
— pb,l pb,m
Y1 Ym

m

m nN=3 il yi
x (1 - pggSR> |

i=1

(25)

In the DMDR scenario, we have different molecule types
for the transmitters. Without blocking, the binding probability
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TABLE I
VARIABLES OF THE MULTIPLE-ACCESS SCENARIOS

ne,j

PR (y|zy, ... )

Y

Variable Definition
DLSR DMDR Vi DMDR
DLSR , DMDR __SMSR , DMDR,B XitApesi Xit A S Xt AR ey X ne
Poi > Poi > DPp > Py i Block, J

DLSR < Fq . SMSR | K
ST G A E X ADVDR L 007 S X+ AR £

PPUSR(y1 |t oee, ) (211\7)(7:\7_%;}—11 vi) (pE,IiSR)yl ._.n(gg%g]z)ym -, pr’l’:SR nN=3" yi
n . aN .
PPMPR(y1, sy, s m) | T () (oo )™ (1 = o %) 5
N . niN __,,.
PPMDRB (yh . ym|m1, . Im) Hzr;l (’;7; ) (phD}\Z‘/[DR,B)yl (1 _ bD};/IDR,B) m Yi

(nN) (ngSR)?J (1 _ ngSR)any

i yDMDR__ s~m i DMDR
Xine 271 i Bk 7 e T
i

Ky “Tine

for the i-th molecule type is obtained as

X+ ADMDR

ne,i

DMDR _

b.i (26)

X+ ADMDR

ne,i

Ki’
+_
Vi

where AE;VIIDR is the concentration of the environmental

noise for the i-th type molecules. For simplicity, we assume
ADMDR - ADMDR 7et the output ¥; be the number of
receptors bound to the i-th type molecules. Then, Y;

(7N ,DMDR

Binomia m o Po.i )and

DMDR
P O1s - Ymlxt, ooy Xm)

m
=[] Pt¥i = yilXi = x)
i=1

1 (50 DMDRYY DMDR) "2 i
=TT( ) eRyesy o= by = )
_ \i
However, by considering the blocking, taking the same steps

as deriving (9), we have the following binding probability for
the i-th molecule type:

Vi
2 xpOR
DMDR,B __ Ki " 28
Poi " % yDMDR v ODMDR | =8
Yi m i
K,'Xi,ne +2j:1,j75i ,(,Blﬂckxin,ne +1
1
where XPMPR - — x; + ADMDR " Here, we have ¥; ~
. . 1/nN _DMDR,B ’
Binomial (7", Po.i ) and
DMDR,B
P Oty oo YmlXts oo oy Xim)

m
=[]Pi=yilXi =x1..... X = x0)

i=1

m N .

_ m DMDR,B”!

=TI ) (oo 1
i \Vi

In the SMSR scenario, we have one molecule type for the
transmitters. The receiver senses the sum of the concentra-
tions X;. Hence, the probability of binding is equal to

2 Xi+ AR

M_y.
DMDR,B !
— 2 ) T (29)

pIMSR - e (30)
Zi:l Xi + Aje +—
4
where  ASMSR js  the environmental noise. Let
the output Y be the number of bound receptors.

Then, Y ~ Binomial(nN, pﬁMSR) and

M nN MSR\” MsR VY
PS SR(y|x], e X)) = < v )(pg SR) (1 —pg SR) .
(3D

Table I summarizes the variables defined in this section.

V. MULTIPLE-ACCESS CAPACITY REGION ANALYSIS

In this section, we investigate the capacity region of the
MAC for the three scenarios. In all scenarios, the output is
discrete. Further, we consider peak and average constraints for
the input concentration of the i-th transmitter as 0 < X; < Ag;
and E[X;] < os,As,;, where 0 < as; < 1. We also take the
environmental noise into account.

The DMDR scenario with no blocking can be viewed as
m orthogonal point-to-point channels and the capacity of each
channel can be computed according to Section III. So here,
we consider the blocking. Since we have one receiver with
m outputs in the DLSR and DMDR scenarios, we may view
these scenarios as SIMO (single transmit antenna and multiple
receive antennas) MACs and compute the capacity region as
the convex hull of rate tuples (Rq,...,R;) such that [32],
S Ri < IX(D); (Y1, ., Ya)IX(I), VI C {1,...,m}, for
some p.m.f ]_[i-‘=l P(x;) that satisfies 0 < X; < Ag;, E[X;] <
as.iAs,i, i = 1,...,m. The total capacity in these scenarios
can be computed as follows:

DLSR,DMDR
CouyVPMPR =

total max

P(x1,x0,.0%m)
0=Xi=As,i,

E[X[]fas,iAs,[a
i=1,..., m

IXy, oo, Xy Y, oo, Y.

(32)

The SMSR scenario can be viewed as a SISO (sin-
gle transmit antenna and single receive antenna) MAC.
The capacity region of this channel is the convex hull
of rate tuples (Ri,...,R,) such that [32], > .., R <
I(X(I); YIX(I9)) VI € {1,...,m}, for some p.m.f [[;_; P(x;)
that satisfies 0 < X; < Ag;, E[X;] < a5 Asi,i=1,...,m. The
total capacity in this scenario can be computed as follows:

SMSR __
Ctotal -

max (33)
P(x1,X2,.00Xm) :
0=<X;<As;, E[Xi]<as,iAs,i,

i=1,....m

X1, ..., X Y).

There is no algorithm to compute the capacity region of the
MAC numerically [33]. Instead, the total capacities of the three
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scenarios are computed numerically in Sention VI. We remark
that the total capacity in the MAC is active and therefore it

is sensible to compute it. For a fair comparison, we consider
DLSR DMDR SMSR
At = Ay =A; = Ape

A. Capacity Region Inner Bounds

We consider two transmitters and obtain inner bounds on
the capacity region of the multiple-access communication in
the three scenarios when the environmental noise is negligible.
We assume a binary input to derive an inner bound, which is
computed numerically in Section VL.

DLSR, DMDR: We may view the DLSR and DMDR
scenarios as interference channels with full receiver coop-
eration. The capacity region of the interference channel is
an inner bound on the capacity region of this channel. The
time-division (TD) inner bound for an interference channel
consists of all rate pairs (Ry, Rz) such that

Ri <k Ci,Ry < (1—k) Cy, (34)

for some k € [0, 1], where C; = max,, pu,)/(X1; Y11X2 =
x2) and Co = maxy, p(y,) 1(X2; Y2|1X1 = x1) are the maximum
achievable individual rates [32]. This inner bound is computed
in Lemma 2 for the DLSR and DMDR scenarios with binary
inputs and considering peak and average constraints for the
input concentration. It is shown in this lemma, whose proof is
provided in Appendix C, that the maximum achievable individ-
ual rate for each transmitter in the two scenarios occurs when
the concentration of the other transmitter is zero and therefore
the closed form formulas for the maximum achievable individ-
ual rates are obtained. The interference-as-noise (IAN) inner
bound for an interference channel consists of all rate pairs
(R1, Ry) such that [32], Ry < I(X1;Y1), Ry < I(Xp; Y»),
for some p.m.f P(x1)P(x2). This inner bound is computed in
Lemma 3 for the two scenarios with binary inputs and con-
sidering peak and average input constraints. The proof of this
lemma is provided in Appendix D.

Lemma 2: Consider interference channels with
two  sender-receiver  pairs and PDLSR(yl, y21x1, X2),
PPMPR.B(y, ‘yo|x1,x2), and any input p.m.f P(x))P(x2),
in which APLSR — ADMDR — o, ¢ 10, A 1}, x2 € {0, A2},
E[X1] < as,14s.1, and IE[Xz] < s ,2A5,2. The TD inner bound
on the capacity region of these channels is obtained as

Ry < kCi, Ry < (1 — k),

G(Pc,'o)* Us,i Z M ,
. I pogte 1-Pe (35)
fl(aS,ivPcl‘o)’ 0<ai< 7;‘70 ogPey
1=peyyte T=pcio
for i = 1,2 and some k € [0, 1], where G(p) = H(1+€q”’))
ﬁi’% and fi(e,p) = —a(l — p)loga + aplogp — (1 —

o + ap)log (1l —a + ap). For the DLSR scenario, p¢, =

)N i = 1,2, and for the DMDR scenario with

(AS l+

blocking, p¢,, = (A zﬁ)% i=1,2.

channels with
PPLSR(y1 ys1x1, x2),

interference
pairs  and

. Vi
Lemma 3: Consider
two  sender-receiver

PPMPRB(y, 'y5[x1,x2), and any input p.m.f P(x))P(x2),
in which ADLSR = ADMDR — 0 x; € {0,Aq 1}, x2 € {0, A0},
E[X1] < a5,14s,1, and E[X2] < a5 2As,2. The IAN inner bound
on the capacity region of these channels is obtained as

Ri < —logai + i (j;, Peygs Pen ) 108 T (j;, Pesgs Peir )
1 — o
— o (O‘jwpcl‘ovpcil)
1 —
X 10g< ! (aji’pciO’pcil)>’
1

for i = 1,2 and some «; € [0, as.1], a2 € [0, as2], where

j1=2and j, =1 and J(o, pl,pz) = (1 —a)p1 —1—01192 For
A%/z"'

(36)

nN nN
the DLSR scenario, pc,, = (5= +K) , Depy = (W)
i = 1,2 and for the DMDR scenarlo with blocking, p¢,, =
Blouk],
K mery At
(As +;<,)_, Pey = ( BlOLk], )2, i = 1,2, where

_AH"‘ Blouk] Asji+1

ji1=2andj, = 1.

For Ag 1 = A5 = As, we have pe, = pe,, and pe;, = pey,; -
Assume o] = @52 = . The points where Ry = Ry are
obtained when «; = ap and are computed as follows:

Ri =Ry = k|: —loga +d'J(e, peys Pery)
/

—“ +J(a/apC1()vpC11)>

1—do ,
x log o —i—J(ot,pClO,pC”) ,

1
x 1ogJ (', peygs Peyy) — O‘/<

(37)

for some k € [0, 1], where o' = min{o, o5} and « is the

solution of the following equation:
((1 = 20)pey + 2ape;, ) log J (o peygs Peyy )
— ((1 —2a)pey + 2ape;, — 1)

l —«a
x log (T + J(e, pclo,pcll)) =0. (39

SMSR: As mentioned before, we may view the SMSR

scenario as an SISO MAC. According to [32], the
maximum achievable individual rates for a MAC are
Ci = max,, poaplX;YX2 = x) and G =

maxy,, P(x,) [(X2; Y|X1 = x1). Using these rates, the TD inner
bound can be obtained as (34). This inner bound is computed
in Lemma 4 for the SMSR scenario with binary input and
considering peak and average input constraints. The proof of
this lemma is provided in Appendix E.

Lemma 4: Consider a MAC with two transmitters and
PSMSR(y1x1, xp) and any input p.m.f P(x;)P(x2), in which
ASYSR = 0, x € {0, A1}, x2 € {0, As2), BIX1] < o514
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and E[X2] < og2A452. The TD inner bound on the capacity
region of this channel is obtained as

Ry < kmax{cio, c11}, R2 < (1 — k) max{czo, c21},
1
G(p CiO)’ —Peig logpey
1—pcio
1
—Pejg 10gpeyg
I=pcio

Os,i =

I=pe;pte

cio =
! fi(ots,is Peyy) s 0 < et i <

1—p‘;i0 +e

nN
. _ EPWAY
cil Z (l ai)Pyl(),AsJ,v
y=0

Pi
VIAs,i As j;
x log| (1 — o)) +afj ==
Pl
y‘OaAs,j;
Pi
! pi / y10,As; /
+ Py, a,, 108 (1-a) ; —+o ]|
y‘As,i,Asxji
(39)

for i = 1,2 and some lgp)e [0, 1], where j1 = 2, jo = 1,
— 1 g —

G(p) = H(1+63(P)) - 1+eg(pc[0)»fl(0l,l?) = —Ol(l —p)loga +

aplogp — (1 —a +ap)log(l —a+ap), P, =PY =

YXi = x1,X), = 22, poy = (5™, i = 1,2, and o] =

min{o;, o ;}, where o, i = 1, 2 is the solution of the following

equation:

nN Pi
Pi 1 1 ) ) Y‘As,z}As,j,-
Z y‘OaAs,j; 0g ( o al) +ai i
y=0 Y10,Asj;
Pi
i V10,Asj; _
= Plagiag, log| (I —a) ———+ai | | =0, (40)
y|As,isAsJi

where j; =2 and j, = 1.

VI. NUMERICAL RESULTS

In this section, we first consider a point-to-point communi-
cation, and evaluate the rates for the TS and LS scenarios as
well as the lower and KL upper bounds. Then, we evaluate
the total capacity and achievable rates for the three scenarios
of the multiple-access communications. We set y = y; =

= ¥m = 0.0004 oM min)™" and k = k; = - =
m = 0.1 min~!, consistent with the parameters in [17], where
the unit of the concentration of molecules is nano-Moles per
litre (nM). We consider two blocking cases:

Low Blocking: y'°*? = *'**! = 0.0003 (nM min)~',
KFIOCk’Z = K?lOCk’l =0.15 min~ L.

High Blocking: 2 = Bl — 0.0005 (nM min)~!,

KFIOCk’Z = K?lOCk’l =0.01 min— L.

A. Point-to-Point Capacity for LS and TS and Effect
of Blocking

We evaluate the rates of the TS scenario given in (14) and
the LS scenario given in (12), using the Blahut-Arimoto (BA)
algorithm [34]. We assume N = 10 and n = 16. Note that we
consider small values of N and n to reduce the time complexity

—is

45r —p—TS (m = 2)
—o—TS (m=4)
[|—=—TS (m=38)
L| —o—TS (m =16)

Capacity (nats per channel use)

o L L L L L
[ 50 100 150 200 250 300

A, (nM)

(@ ARZ = AlF =0

Capacity (nats per channel use)

50 100 150 200 250 300

A (nM)
(b) AZ = A2 =5

Fig. 4. Capacity of TS with no blocking and LS for as = 3.

o
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g

£
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g ——15

Zost —— TS (No Blocking, m = 2) ||
]

o TS (Low Blocking, m = 2)
—o—T$ (High Blocking, m = 2)

L L L L L
10 20 30 40 50 60 70 80 90 100

Ay (nM)

Fig. 5.
Ape = 0.

Capacity of TS with and without blocking and LS for ag = % and

of the BA algorithm, although these values can be very large
in practice.

Fig. 4a shows the capacity of TS with no blocking and
LS, for m = 2,4, 8,16 when ALS = ATS = 0. It is seen that
increasing the number of molecule types, m, improves the per-
formance (for fixed Ag), which is expected due to the parallel
transmission of the molecules. However, if we continue to
increase m, and accordingly decrease the number of bacteria
in each colony to n/m, the performance degrades. The reason
is that decreasing the concentration level of TS in (4) decreases
the binding probability. Hence, there exists an optimal m. For
example, for Ay = 80, this optimal value lies between m = 4
and m = 8. This implies that for A; = 80 and m = 2, 4, the
capacity of TS is higher than LS, whereas for m = 8§, 16, the
capacity of TS is lower than LS. Similar conclusions can be
made from Fig. 4b in the presence of the environmental noise
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Fig. 6. Capacity and KL upper bound in terms of Ape for the BIC with

A; =80, N' =20, and org = 1.
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Fig. 7. Capacity and lower bound in terms of A} for the BIC with N’ = 20
and ag = %

ALS — ATS — 5. Fig. 5 shows the effect of blocking by show-
ing the capacity of LS and TS for m = 2. As illustrated, the
blocking decreases the capacity of TS. For small values of Ag,
LS outperforms TS in all cases of blocking.

B. Lower Bound and KL Upper Bound on the Capacity of
the Point-to-Point Channel

Our proposed KL upper bound, (18), and the capacity are
depicted in Fig. 6 in the logarithmic scale. It can be observed
that the distance between the KL upper bound and the capac-
ity is constant in the logarithmic scale. Therefore, the gap
between the capacity and the upper bound decreases as the
environmental noise increases. The lower bound in (20) along
with the capacity are shown in Fig. 7. For simplicity, we
consider average constraint to be inactive. For small values
of A, our lower bound is tight which means the binary
distribution is a capacity achieving distribution for small
values of Al.

C. Multiple-Access Total Capacity

As mentioned in Section V, since there is no algorithm to
compute the capacity region of the MAC numerically, we eval-
uate the total capacities of the DLSR and DMDR scenarios
given in (32) and the SMSR scenario given in (33), using the
extension of the BA algorithm for the total capacity of the
MAC [35]. We assume N = 10, n = 6, and m = 2.

Fig. 8a shows the total capacities of the three scenarios
in terms of As1 = As2 = As when AECLSR = AEGMDR =
ASMSR — 0. Tt is observed that DLSR has the highest total
capacity for all values of Ag. For small values of A;, SMSR
has higher total capacity than DMDR, whereas for large

—=—DLSR

—6—DMDR (No Blocking)

- - -DMDR (Low Blocking) ||

—e—DMDR (High Blocking)
SMSR

6‘0 7‘0 80 5;0 100

Total Capacity (nats per channel use)
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Fig. 8. Total capacity of DLSR, DMDR, and SMSR for ag | = a5 2 = 1
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Fig. 9. Total capacity of DLSR, DMDR, and SMSR with continuous and

binary inputs for ag | = g0 = % and Ape = 0.

values of Ag, SMSR has lower total capacity than DMDR.
The reason is that when Ag is small, sharing the receptors
is useful. But when Ag increases, using different molecule
types becomes more useful. Since DLSR has both of these
advantages, it is more effective than the other two scenarios.
Fig. 8b shows the total capacity for the three scenarios when
APLSR — ADMDR _ ASMSR — 5 Similar conclusions can be
made in the presence of the environmental noise.

Fig. 9 shows the effect of the binary input restriction on the
total capacities of the three scenarios. It can be observed that
in all three scenarios, the total capacities with binary inputs
are equal to the total capacities with continuous inputs for
small values of Ag. For large values of Ag, the total capac-
ities of DLSR and DMDR with binary inputs reach to the
same value since all receptors become full and these scenarios
behave the same. However, the total capacity of SMSR with a
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binary input reaches to a lower value since it doesn’t have the
advantage of using different molecule types or self-identifying
labels.
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Fig. 12.  Maximum achievable equal rates by viewing interference as noise
for DLSR and DMDR with binary inputs for a5 1 = a5 2 = % and Ape = 0.

D. Inner Bounds on the Capacity Region of the MAC

The IAN inner bounds for the DLSR and DMDR scenarios,
provided in Section V-A, along with the capacity regions of
the three scenarios with binary inputs are depicted in Fig. 10
for N =10 and n = 1, 6. It is observed that in DMDR with
low blocking and DLSR, the IAN inner bounds and the capac-
ity regions are identical and when n increases, they become
square-shaped, which indicates that these scenarios almost
experience orthogonal MACs when n increases. In all scenar-
i0s, when n increases the maximum individual rates for the
two transmitters increase and the capacity region with binary
inputs becomes larger. The capacity regions of the three sce-
narios with binary inputs are shown in Fig. 11 for N = 10
and n = 6. It is observed that DMDR with low blocking and
DLSR have the same square-shaped capacity regions. These
two scenarios have the largest Capacity region and SMSR has
the smallest capacity region and the capacity region of DMDR
with high blocking is in middle.

Fig. 12 shows the maximum achievable equal rates of
DMDR with low and high blocking and DLSR, given in (37),
when considering interference as noise, in terms of Ag | =
Asp = As for N = 10 and n = 6. It is observed that the
rate for DLSR is larger than DMDR and reaches to a constant
value as Ag increases. Though the constant value is almost
the same for DMDR with low blocking and DLSR, the value
is higher than that of DMDR with high blocking. The rea-
son is that when considering binary inputs and increasing
Ags, DMDR with low blocking behaves like DLSR since all
receptors become full. However, DMDR with high blocking
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behaves worse than DLSR since some of the receptors are
always blocked.

VII. CONCLUSION

In this paper, we first investigated the capacity perfor-
mance of point-to-point communication scenarios, including
Level and Type scenarios. We also modeled the blocking as
a Markov process and derived the probabilities of binding
and blocking. Next, we derived a new upper bound on the
capacity of the BIC at low SNR-regime based on the KL diver-
gence upper bound as well as a lower bound. As expected
and confirmed by simulations, the blocking would decrease
the capacity of the type scenario. Then we proposed three
scenarios for the multiple-access communication, including
the same molecule type with Different Labeling and Same
Receptor type (DLSR), the Same Molecule type with the Same
Receptor type (SMSR), and Different Molecule types with
Different Receptor types (DMDR) scenarios and investigated
their capacity region and total capacity. We derived some inner
bounds on the capacity region of these scenarios when the
environmental noise is negligible. Based on numerical results,
DLSR outperforms the other scenarios for all values of the
maximum signal level from the total capacity point of view.
For small values of the maximum signal level, SMSR has
better performance than DMDR, whereas DMDR has better
performance for large values of maximum signal level.

APPENDIX A
PROOF OF THEOREM 1
We find KL upper bound for the BIC as follows:

I(X:Y) < Y [P(x.y) — P(x)P(y)] log P(y]x)

X,y
=Y [P(x.y) = PX)P(y)]
X,y
1 N oy N'—y
x 10g y oy (X +Ane)(1 = Jfpr (x +Ane))

_ fpb (x 4+ Ane)
= Z ;ymm log 1 AT

=12 D yPol | P

x \y
fpb (x 4+ Ane)
) (; o I — fp, (x + Ane) P(X)>
f}ab (x + Ape) ):|
1 _fpb (x + Ane)

+Ane
- Bl e o (2 T
b ne

Joo X + Ane)

i)

= EI:N’fpb (x + Ape) log (

= N'Cov (fpb (X + Ape), log (

As mentioned earlier, f,, (X + Ape) is an increasing function.
Hence,

Joo X + Ane)

>0
)

A further observation is that C < maxp(y) N'Cov(f,, (X +Ane),

log ((1{’%027;?_':))))) is always achievable with a binary ran-
b ne

Cov (ﬁ,b (X + Ape), log (

dom variable X. We consider two points, x; and xp with
probabilities p; and po, respectively. We have

max COoV(f, (X + Ane), log(F))
X

= max (E[fp, X + Ane) log F| — E[ fp, (X + Ane) |E[log F])

Fi,F>
= max (B[ (f, (X + Ane) — E[fp, X + Anc) ) log F]).
X)
FI1,F2
X+Ane
where F = S P E(, (X + Aw) = adl,

and Fr, : 0 < X < A;. Now, based on the analysis in
[16, Appendix C], the optimal distribution is given by P(x) =
oAl Al

WS(X—AQ) + (1 —m)a (x) and the upper bound
is obtained as
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(5 fo (AL + Ape) > T,
APPENDIX B

PROOF OF LEMMA 1

Let p = (1 — pp)™ and Py, = P(Y = y|X = x). The BIC

transition probabilities by considering a binary input is char-

. N’ 'y

acterized as Pojg = 1, Pyjo = 0, Pyar = (y )1 —pp)V 7,
fory=1,...,N.

Assume P(X = A]) = «. The average constraint

results in @« < o5. The lower bound on the BIC capacity
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without considering the average constraint could be derived as
follows:

C=maxI(X;Y)
o

=maxHY) —PX =0H|X =0)
o
— P(X =A)H(Y|X = A))
N/
= max — Z aPya; log (aPy|A;) — (1 —a+ape)
y=1

x log (1 —a + ape) — aH(Y|X = AY)
= max —«(l — p.) loga + ap.logp,
o
~(1 —a +ape)log (1 — o + ape).

Taking a derivative with respect to o from /(X; Y) and set-

. . . *x 1 _

ting it to zero we obtain a@* = ——— . Then, C =
1 ) l—pete 1-pe

H (1 +eg(1’€)) -3 f_iiipc). Now, if we consider the average con-

straint, the equation for C is valid for @* < «j since the mutual
information is concave in «. But for o* > «g, the capacity
lower bound is obtained for o = «s.

APPENDIX C
PROOF OF LEMMA 2

We prove the lemma for the DLSR scenario. The approach
for the DMDR scenario is the same. Let pp 1] = pE%SR(Xl =
As 1, X2 = x2), pp21 = PbDIQSR(Xl = A1, X2 =

yll\xu = = PY1 = yilXi = x1, X2 = xz) Dey = P(1)|A

x+<

(m) s Peyg = PO\A” 0= (A +E
tion probabilities for the first transmitter by considering binary
inputs X1 € {0,As1} and X» € {0, A2} are characterized as
P(l)l()x =1 andeA L 7N0 . (r;[.v)(nN yl)Pb 111’{) 2 (1=
(Po.11 4+ Po o)™y =0,...,nN.

Assume P(X| = As,l) = o). The average constraint for
the first transmitter results in a1 < 1. In the following, the
maximum achievable individual rate for the first transmitter,
C1, is computed. The approach for computing C5 is the same.

Without considering the average constraint we have

x2),
s, 15X2 =

)™ Channel transi-

C = max I1(X1; Y11X2 = x2)

max H(Y1|X2 = x2)

— PX1 = 0)HY11X1 =0, X2 = x2)

— P(Xi =As 1)) H(Y1|X1 = As 1, X2 = x2)
— (1= a1 4+ aipe,) log (1 — a1 + a1pe,)

— atH(Y1[X1 = A1, X2 = x2)

max —ai (1 = pe) logat +a1pe; logpe

- (1 —aj +051Pc1)10g(1 -« +061Pc1)~

Taking a derivative with respect to o1 from I(X7; Y1|X2 = x2)
1

. e
and setting it to zero we obtain &} = e o Then,
1=pe,+e P
g(pcl) . . . .
C1 = maxux, (H( 1+e8<Pf1)) 1+eg(1"f1))' Taking a derivative with

respect to xp from IaT(Xl; Y1|X2 = xp) we obtain
d
—— Lo (X1: Y|X2 = x2)

dxy
/g g(pe;)
_ P8 per)e 2H,( 1 )
(1 + eg(l’cl)) 1+ 8(pey)

pélg/(pcl)(l +eslPa) — g(pc.)e‘g(””'))

(1+ egwcn)z

= log(lp;p), we have

Since H'(p)
d
d_IaT (X1: Y1X2 = x2)
X2
Pélg/(pcl)(g(pcl)eg(pc,) +1+ eslber) — g( a)eg(pfl))
(1 + eg(p‘fl))z
P/clg/(l?c])(l + eg(pﬂ'l))
(1 + eg(p"l))z

and this is a negative value for all x; > 0 since p’C1 =

nN—1 /
nNA;s | X2+_ / _ Peq logpq
As 1+, (As|+xz+§) > 0 and g'(pc)) = (145Pe1))2 =

0. x2 can take two values 0 and A 2. So the maximum occurs
when x» = 0. Hence,

’

Cl = H( ! ) — g(Pclo) .
1+ eg(l’vlo) 1+ eg(l’vlo)

Now, we consider the average constraint. For both values
of xo = 0 and xo = Asp, if a5 > of(x2), the maxi-
mum for I(Xy; Y1|X2 = x2) occurs when o = ai"(xz) and if
0<asp < ai"(xz), the maximum occurs when o] = o 1 since
1(X1, Y11X2 = x2) is concave in a;. Let af, = af(x2 = 0)
and of; = af(Xo = As2). If a5 > oz’fo and a5 > of,
C1 = max{lyy (X1; Y11X2 = 0), Loy, (X15 Y1]1X2 = A 2)} equals
to IaTO(Xl;YHXZ = 0). If a51 > aj, and as1 < of,
G = max{lyy X1; Y11Xa = 0), Iy, (X1; Y1|X2 = Asz)}
equals to IQTO(Xl; Y1|X, = 0) since IQTO(Xl; i1Xo = 0) >
Ior Xi; Y11X2 = As2) = Loy, (X1; Y11Xo = Ag2). If 0 <
o1 < O‘To and 0 < 51 < @, C1 = max{ly,, (X1; Y1]1X2 =
0), Iog, (X1; Y11X2 = As2)} equals to Iy, (X1 Yi|X2 = 0)
since

iI(Xl' Y|Xo = x2) = aypl. log WP
dxy ’ €1 1 —ar +oa1pe, ~
and 1(X1; Y1|X2 = x2) is a decreasing function with respect to
x2 for all values of oy € [0, 1]. If 0 < a5 < o}, and a5 >
ajy, Cr = max{le, (X1; Y11X2 = 0), Iz, (X153 Y1|X2 = A 2)}
equals to Iasyl(Xlg Y1|X, = 0) since Iasyl(Xlg 11X = 0) >
Loz, (X15 Y11X2 = 0) > Lor (X153 Y1]X2 = As 2).

APPENDIX D
PROOF OF LEMMA 3

We prove the lemma for the DLSR scenario. The approach

for the DMDR scenario is the same. Let pp 11 = pEIISR(Xl =
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As1, X2 = x2), ppo21 = pEIQSR(Xl = As1, X2 = x2), po,12 =
PR = x1,X2 = As2), po2 = poy (X1 = x1, X2 =

AS,2)9 P;

1lx1,x2

= P(Y) = y|Xi = x1, X2 = x2), P? =

y2[x1.x2
P(Y2 = y2lXi = x1,X2 = X2), peyg = ",
Ago+5
_ pl _ STy nN
and pey, = Py 4, = (AS,;+ASJ+§) '
Channel transition probabilities by considering binary inputs
x1 € {0, Aq1} and x2 € {0, As 2} are characterized as

Ly
Po0 = (G572

L
Pojo.x, = Pop 0 =1

nN—yi
1 nN\ (nN —y1\ y,
Pyl Ag 100 = Z ( >< : )pb,ll b,21

=0 Y1 J
Ny
x (1= (po.i1 +pb21))" "7 y1=0,...,nN,
nN—y2
> nN\ (nN —y2\ ;
PYZ‘XIsAs,Z = Z ( )( : )p{,,lzpb?zz
iz \ )2 J

x (1= (pb.12 +pb,22))nN_yz_], y2=0,...,nN.
Assume P(X| = Ag1) = a1 and P(X2 = As) = . The
average constraints result in o) < a1 and a2 < os2. The
IAN inner bound for this channel is computed as follows:

Ry < I(X1; Y1) = H(Y1) — P(X1 = 0)H(Y:1|X, =0)
— P(X1 = A1) H(Y11X1 = A1)
nN

== Z("‘l ((1 — )Py, 0+ “2P;1\AS,I,AS,2))
i=1
x IOg("‘l ((1 — )Py, 0+ “2P§.\As,.,As,z))
- ((l - a2)(1 — o] +O‘1p0|0) +a2(1 — Q] +O‘1pc”))
X log((l — 012)(1 — o] +0l1pc10)

+ (1 — a1 +aipe,)) —aH(Y11X1 = A1)
nN

= —oylogey Z((l — )Py, 0+ 2Py, \As,l,As,z)

i=1

+ a1 (H(Y11X1 = As1) + (1 — @2)peyy + @2peyy)
log ((1 — 02)peyy + @2peyy))
— (A =a) + a1 (1 = 02)peyy + @2peyy))
log (1 —a) + a1 ((1 — a2)peyy + @2pey))

— atH(Y1|x1 = Aq1)
= —logo) + o ((1 — a2)Peyp + azpc”)

x log ((1 = a2)pe,y + 02pey,)

l—Oll
— o] o + (1 - a2)pc|0 + Ol2pc”

(1—0{1
x log

for some a1 € [0,01] and a2 € [0, a5 2]. With the same
approach for Ry we have

Ry < —logaa + a2 ((1 — a1)pey + @1pey;)
X 1Og ((1 - al)pcz() + aqu.)

1—an
— o2 + (1 - al)pczo + A1Pcy
6%
—an

< 1
x log
o2

X

X

+ (1 - 012)pc|0 + Ol2pc1|)-

+ (1 - al)pcz() + alpcm)-

For A5 1 = As,2 = As, we have pe,) = pey, and pey; = pe,,. The
points where Ry = R, are obtained when o1 = oy = o and
without considering the average constraints, are as follows:

R =Ry, = kmo?XI(Xl; Yl)|oc|:oc2:oc
= kmo'jlx —loga + a((1 — a)pe,, + apey,)
X IOg ((1 - a)pCm + “Pc”)

l—«
—a( =+ =), +ape,
l—«
X IOg T + (1 _a)pCm +05Pc11 )

for some k € [0, 1]. Taking a derivative with respect to o from
I(X1; Y1)laj=ap=« and setting it to zero we obtain

((1 - 201)Pc10 + 2ap6‘11) IOg ((1 - “)Pclo + Och“)
_ ((1 —20)pe,y + 2ape;, — 1)

1l -«
x log <T + (I —a)pey, + ozpC“) =0.

If we consider the average constraints with o 1 = o052 = s,
the above equation for the optimum value of « is valid if the
solution of the equation is lower than or equal to «g since
I(Xy; Y1) for ¢y = ap = « is concave in «. If the solution is
higher than «g, the maximum occurs when o = .

APPENDIX E
PROOF OF LEMMA 4

Let poio = pMRX) = A1 Xo = 0), ppo1t =
PIMSR(X) = 0,X2 = As2), o1 = PR = A1, X2 =
As2), Py\x|,x2 = P(Y = y|X1 = x1,Xo = x2), and Pcig =
Pyac0 = (o)™

Channel transition probabilities by considering binary inputs
X1 € {0,Aq1} and X, € {0,A2} are characterized as
Pop.o = 1, Pya,,0 = (";,V)pﬁ,m(l — Pb10)"™ ™ Pyoa,, =
(")Phor (1 = poo)™ ™ and Pyaa, = (D)pb (1 -
pb,m)”N_y fory = 0,...,nN. Assume P(X; = A1) = oy.
The average constraint for the first transmitter results in
a1 < oy 1. In the following, the maximum achievable individ-
ual rate for the first transmitter, Cy, is computed. The approach
for computing C is the same. Without considering the average
constraint we have

Cy = max I(Xy; Y|X2 = x2)
X2, o]

max H(Y|X> = x)

X2, o]

— PX1 =0)HY|X; =0,X2 =x2)

— P(X1 = Ag1)H(YIX1 = Ag1, X2 = x2)

nN
= max — ZO P(Y = y|X, = x2) log P(Y = y|X = x7)
y:

— (I —anDHY|X; =0,X2 = x2)
— a1H(YIX) = As 1, X2 = x2).
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We can write this as C; = max{cio,c11}.c10 =
maxe, [(X1; Y|X2 = 0), c11 = maxe, [(X1; Y|X2 = As2). For
c10 we have
nN
cio = max — Y | P(Y =y[X3 = 0)log P(Y = y|X, = 0)
y=0
— OllH(Y|X1 =A1, X2 = ())
= max —a (1 = peyy) log a1 + @1peyg 10g peyg
— (1 — a1 4+ aipe,y) log (1 — a1 + a1pey)-

Taking a derivative with respect to o from /(Xj; Y |1 X> = 0)
and setting it to zero we obtain 0‘10 =

7pc10 logpcyg
1=pegte ' TPe10
g(pcm)
Then, c10 = H( g(ﬁclo))_ efPery) *
age constraint, the above equation for cyg is valid if s ; > O‘To
since I(Xy; Y1|X2 = 0) is concave in . If 0 < a51 < af,

the maximum occurs when o) = ag 1. For ¢11 we have

If we consider the aver-

= maxI(X1; Y|Xo :As,z)
3]

nN
= max— Y ((1 = )Py, + Py, .a,,)
y=0
x log ((1 = a1)Pyjo.a,, + 1Py, 1 4;,)
— (I —anH(Y|X1 =0,X2 = Ay 2)
— ()[1H(Y|X1 =As1, X2 = As,2)
nN

= néallx — Z[(l - al)PyIO,As,z

y=0

x log ((1 —a) + o Pritsidne ASZ)
POA&Z

Pyjo.Acz

+ O“Py‘As,lsAs,Z log ((1 —a))———— + O£1>i|.
Py‘As,l aAS,Z

Taking a derivative with respect to «; from I(X; Y|X2 =
Ag2) and setting it to zero we obtain

Pyja 142 )
Pyjo.4,,
Ov s,2

7‘4 + al):| = 0.
Pyjag .4,

If we consider the average constraint, the above equation for
the optimum value of «; is valid when the solution of the
equation is lower than or equal to «g,; since I(Xy; Y1|Xp =
Ag.2) is concave in «j. If the solution is higher than s, 1, the
maximum occurs when o] = o 1.

nN

Z[wa,As,z log ((1 —up) +aj

y=0

— Py, .4, log ((1 —ay)
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